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1 Introduction 



Equivariant cohomology is a relatively new cohomology theory playing an im- 
portant role in algebraic geometry and (transformation-)group theory. It has 
also many applications in modern symplectic geometry (Audin ^J, Libine [2], 
which is also a good introduction to equivariant cohomology) and theoretical 
physics (Szabo '^). Roughly speaking, for a G-space X equivariant cohomology 
is a cohomology theory lying somewhere between the ordinary cohomology of 
X and the group cohomology of G. It was first introduced in 1960 by A. Borel 
[4] for the aim of studying transformation groups. 

Definition 1.1. Let H* denote a cohomology functor (say singular, but any 
other satisfying the Eilenberg-Steenrod axioms would work as well - with coeffi- 
cients in some ring TZ, which we omit in the following). Let X be a topological 
space and let G be a topological group acting continuously on X. Associated 
to G there is the universal bundle of G, the principal G-bundle 

EG 

I' 

BG. 

Here EG is the unique (up to weak homotopy) contractible topological space 
endowed with a free G- action and BG :— EG/G is called the classifying space of 
G (see Steenrod [S] for universal bundles, [5] for Milnor's construction of EG). 

The equivariant cohomology Hq{X) of X is defined as the cohomology of 
the total space of the associated fiber bundle 

M ^ Xg 

(1.1) 

BG, 

where Xq := (EG x X)/G is the homotopy quotient of X with respect to the 
diagonal action of G on EG x X: 

H*a{X) -.^H^Xg). 

The idea is to have a cohomology theory reflecting the topological properties 
of X, G and the space of G-orbits X/G. If the action is free, H*{X/G) is a good 
candidate (as it turns out in this case Hq{X) = H*{X/G)), but for non-free 
actions X/G can be very pathological as already simple examples show: 

Example 1.2. Let S'^ act on by 

s.(zi,Z2) :— (s™zi,s"z2) (m,n £ N relatively prime). 

This action is not free (for example (2^1,0) has a non-trivial stabilizer) and 
the quotient space is a manifold with singularities, the weighted projective space. 
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The study of such geometrical objects led to the notion of orbifolds (cf. Satake 

H)- 

So instead of considering X/G one works with Xq- Since the action of G on 
EG X X is free, Xq again is a "nice" topological space. 

But for G — (and most other interesting groups) Xq is infinite-dimensional: 
£^5*^ = S°° is the infinite-dimensional sphere, the direct limit lim S" of the di- 
rected system {S^,tij), where the maps Lij are the inclusions 5* — > . As 
a consequence, if M is a smooth finite-dimensional G-manifold with G a Lie 
group, there are two possible ways using Morse or de Rham theory to get 
H*{Mq) = Hq{M): Either by using finite-dimensional approximations Mq 
to the homotopy quotient Mq and the fact that H'^{Mq) = H^^Mq) for k 
large or by adjusting these classical ideas to the equivariant setting. 

A de Rham theoretic construction is due to H. Cartan 8,,9J: Here A®Vl{M) 
with A an acyclic algebra of type C (this is the appropriate analogon to freeness 
of the G-action on EG) is used as an algebraic substitute for the complex of dif- 
ferential forms on EG x M . VI{Mg) is then modelled by the subcomplex of basic 
forms on A®^l{M) (a form uj is called basic if it is invariant under the G-action, 
i.e. a*gUj = UJ € G, and kills each vector v tangent to a G-orbit, i.e. iyUJ = 0). 
This complex of equivariant forms is then endowed with a twisted de Rham 
differential dcq incorporating the induced G-action on forms and an equivariant 
version of the de Rham Theorem states that i7*((j4(g)ri(Af))basic, rfeq) — Hq{M). 
For details and other formulations of the equivariant de Rham complex, see the 
original work by Cartan, or Libine [2] as well as the book by Guillemin and 
Sternberg [10]. 

On the other hand, there are also Morse-theoretic approaches to equivariant 
cohomology. Austin and Braam [11 use Morse-Bott theory for a G-cquivariant 
(i.e. G-invariant) function / on A/ together with equivariant differential forms 
on the critical submanifolds of / to construct a complex whose homology is 
isomorphic to Hq{M). The chains of this complex are equivariant forms on 
Crit(/) and the differential is given by integrating these forms over gradient 
flow lines of /. 

In some way similiar to our approach is a special case of Hutchings "Floer 
homology of families" ^2|, where "family" means a set of equivalent objects 
parametrized by a smooth manifold, e.g. (finite-dimensional approximations to) 



the bundle tt in ( 1.1 ). H*{Mq) is the homology of a Morse complex constructed 
by studying critical points and fiow lines of a vector field 1^-1- on M^. Here W 
is the horizontal lift of the gradient vector field of a Morse function / : BG" M 
and V is the fiberwise gradient vector field of Morse functions : Mx — > M on 
the fibers over x € Crit(/). 

From now on let G — S^. In this thesis we surpass the problem of A/gi being 
infinite-dimensional by reducing the computation to the finite-dimensional fibers 
M of the bundle tt. On these fibers we use a deformed Morse complex. 

This is due to Yuri Chekanov who introduced this approach to equivariant 
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cohomology in talks given at the MPI Leipzig and the ETH Ziirich in 2004 and 
2005, respectively. 

His idea is to deform the Morse complex associated to a Morse function 
/ : M — )• R by incorporating the S^-action on M into the definition of the 
coboundary operator: d counts not only usual gradient flow lines of /, but 
also such ones that are allowed to "jump" along orbits of the action for finite 
time intervals. The benefit of this is that we are working the whole time on a 
finite dimensional space. This allows us to use the geometric and more intuitive 
methods from the theory of dynamical systems for studying these "jumping" 
gradient flow lines of / (cf. Weber [T3]) instead of the heavyweight functional 
analytic apparatus used in Floer theory, which basically is Morse theory on 
infinite-dimensional manifolds (see Salamon [Tl] for Floer theory, Schwarz [T5] 
for a Floer- type approach to Morse homology). 

We get a complex freely generated by the critical points of / tensored with 
the polynomial ring 7^[T] = H*{BS'^) = ff*(CP°°), the S'l-equivariant coho- 
mology of a one-point space. The differential operator is defined by counting 
"jumping" gradient flow lines which are modelled as follows: 
A k-jump flow line is a solution of the ODE 

u{t) = Vt{u{t)). 

Here Vt is a time-dependent vector field associated to the gradient of a homotopy 
ft satisfying 

' f{x) iit<tx , 

f{si.x) if t2 < i < ^3 , 

Mx) = { f{s2-si.x) if ^4 < i < ^5, 



/(Sfe. • • • .Si.x) if t2k < t, 

for some ti < . . . < t2k ^ ^ and Si e S^. 

This will be explained in detail in Chapter 3. Basically, our approach trans- 
lates into a special case of an idea of Frauenfelder [TB] called "fiow lines with 
cascades" . Here the cohomology of a manifold M is derived from studying gra- 
dient flow lines of a Morse-Bott function f on M (the "cascades" ) and gradient 
flow lines of a Morse function h on Crit(/). Applying this idea to the bundle 
TT in and using its properties together with the special structure of its 

fibers and base space C¥°° the cascades translate into jumps along orbits of the 
^^-action on M. 

Hope is that, as in the relation of Morse and Floer theory, our construction 
serves as a toy model for a similiar approach to S'^-equivariant Floer cohomology. 

This thesis is organized as follows: In the next chapter we review basic Morse 
and Morse-Bott theory, the gradient flow line approach to Morse homology and 
introduce the Morse complex associated to flow lines with cascades which will 
be used in the end to justify our construction. In Chapter 3 the equivariant 
Morse cochain groups CM^i and the equivariant Morse differential c?5i are de- 
fined; this involves the definition of the moduli spaces of fc-jump flow lines. In 



5 



the fourth chapter we continue examining the properties of these moduli spaces: 
We show by using the theory of dynamical systems, that they carry the struc- 
ture of finite-dimensional manifolds which admit a natural compactification. 
Furthermore, there is a complementary concept to compactification: The glu- 
ing map, which glues flow lines from different moduli spaces to a flow line in 
some higher dimensional moduli space. Putting these facts together we conclude 
in the Chapter 5 that (CM^i , dgi) is actually a cochain complex and, using the 
idea of flow lines with cascades, we show that H^{CMgi , dgi) = Hgi (M). After 
that we finish with an outlook. 

I want to thank my family for their support and my advisor Klaus Mohnke 
for suggesting me this interesting topic and always having time for my numerous 
questions and many fruitful discussions. 

Furthermore, I have to give special credit to Yuri Chekanov, because the 
idea of approaching 5^-equivariant cohomology with jumping flow lines is due 
to him, and I benefited greatly from his visit to Berlin, where he took the time 
to explain his ideas to me. 
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2 Preliminaries 



In this chapter we review basic Morse and Morse-Bott theory. A good reference 
for this is the book "Lectures on Morse Homology" by Banyaga and Hurtubise 
[25j . We start with some elementary facts about Morse theory, then introduce 
the gradient flow line approach to Morse homology. Then we continue with 
some Morse-Bott theory and explain how flow lines with cascades are used to 
compute H*{M). 

From now on throughout this thesis let ( Af, g) denote a smooth rt-dimensional 
closed manifold with Riemannian metric g endowed with a smooth 5^-action. 
Assume without loss of generality that M is connected. 

2.1 Morse theory 

The basic idea of Morse(-Bott) theory, originally due to M. Morse [T7], is to 
extract information about the topology of M by studying the local and global 
behaviour of smooth functions / : — >■ K. 

Definition 2.1. A function / e C°°{M,R) is called Morse, if all its critical 
points are non-degenerate. A critical point is called non-degenerate, if the ma- 
trix associated to the symmetric bilinear form D^f{x) : T^M x TxM — >■ M, the 
Hessian of / at x, is non-singular. In local coordinates (p*) around x the entries 
of the Hessian matrix H are given 

Note: The non-degeneracy condition implies that Crit(/) is an isolated set 
and from compactness of M it follows that it is finite. 

Definition 2.2 (The Morse index). For a Morse function / the Morse index 
fj.{x) of a critical point x is defined as the number of negative eigenvalues of the 
Hessian of / at a:;. 

We state four classical theorems of Morse theory; for proofs we refer to 
Milnor dH]: 

Lemma 2.3 (Morse Lemma). For x G Crit(f) there are local coordinates {j/) 
around x such that 

f{p)^f{x)~Y.(p')'+ E (p')'^ 

p'{x) = Vi = l,...,n. 

Proposition 2.4. Set Mc ;~ f^^{{—oo,c]). Then, if there is no critical value 
in [a,b], Ma is dijfeomorphic to Mi,. It is even a deformation retract of Mh. 

Proposition 2.5. // there is one critical point of index k in [a, b], then Mb is 
homotopy equivalent to Ma with a k-cell attached. 

This already implies the "Morse inequalities" : 
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Theorem 2.6 (The Morse inequalities). Let bk be the Betti numbers of M and 
Ck be the number of critical points of f with index k, then for all k — 1, ... , n: 

Ck - Ck-i + Ck^2 + (-l)''co > bk - bk-i + bk-2 + i-l)'"b„, 

n 11 

Y^{-lfck=Y.{-lfbk = x{M). 

These theorems already indicate the strong relationship between the topol- 
ogy of M and the structure of Crit(/). Further investigations into the subject, 
mostly by Milnor, Thorn, Smale and later Witten led to the notion of "Morse 
homology" ; for a brief history of this development see Bott [12] ■ 
We now present the gradient flow line approach to Morse homology using the 
theory of dynamical systems from Weber [T^] based on the ideas of Witten [2D] , 
excluding the concept of orientation, i.e. using only Z2-coefiicients. The reason 
for this will be discussed later in Chapter [5j Proofs of the following theorems 
can be found in Weber P3j or in Chapter 4, where we proof slight generalizations 
of these theorems by essentially the same methods. 

There is no big difference in the construction of Morse homology and coho- 
mology: Since Morse chains are elements of the free abelian group generated by 
the critical points of / the map CM*(/, g) CM* (f, g), x ^ with 



1 if y = x , 
otherwise. 



is a bijection between the Morse chains and cochains and the differential differs 
only by a sign change in the equation for gradient flow lines, i.e. V — >■ —V in 



\2.l\ below. 

Let V :— V gf be the gradient vector field of / and consider the dynamical 
system: 

u{t) =V{u{t)), (2.1) 
m(0) =uo e M. 



M is closed, therefore solutions of (2.1 1 are defined for alH e M and since the 



zeros of V are precisely the critical points of / the limits limt_j._oo u(t) 

and u+ := Imit^ao u{t) are elements of Crit(/). Furthermore, ^ u+ because 
V ~ ^ gf and therefore / is strictly increasing along u. 

Theorem 2.7 (Stable Manifold Theorem). Let <^ : M M, {p, t) ^ $t(p) 

denote the flow of V. Then for x € Crit{f) the (un-)stable manifolds of x, 
defined by 

Wix) :^ {q e M\ lim $t(q) = x}, 

t^ — oo 

W%x) := {q e M\ lim $t(g) = x}. 

i— f oo 

are open submanifolds of M , diffeomorphic to andR^^^^\ respectively. 
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Remark 2.8. For x G Crit(/) there is the following description of the tangent 
space Tj;W^{x) {i = u, s): Since x is a non-degenerate critical point, T^M splits 
into i?" ® consisting of the eigenvectors associated to negative and positive 
eigenvalues of H{f ){x). Moreover, the flow of D\/gf{x) viewed as a linear vector 
field on T^M is given by the linear map At :— D^ti^) = exp{tDVf{x)) and 
if A is an eigenvalue of H{f){x), then e^* is an eigenvalue of At and both have 
the same eigenspaces. Hence i?* = TxW^{x). Furthermore, the spaces E'^ are 
invariant under At and At is a strict contraction on i?" and a strict dilatation 
on E". 

The union U2;GCrit(/) ^*('^) forms an open cover of M. So understanding 
the closure of each W^ix) (i.e. knowing the attaching maps) would give a cell 
decomposition of M from which the homology of M could be computed. Unfor- 
tunately in general their closure is quite complicated and singular (indicating 
that there is information about the topology of M encoded). 

On the other hand, the manifolds W''{x) are also used to describe the spaces 



of solutions of equation (2.1) which flow from one critical point to another: 

Definition 2.9. For x,y E Crit(/) define 

M{x,y) ■.= W''{x)nW%y), 

the connecting space of x and y consisting of all flow lines emanating at x and 
ending at y. 

Observe that there is a free M-action on A4{x,y) given by shifting u{t) to 
u{t + t) for r e M. 

Definition 2.10. The moduli space of flow lines from x to y is defined as 

Mix,y) ■.^Mix,y)/R. 

Remark 2.11. Equivalcntly one could define Ai{x,y) — M{x,y) D f^^{a), 
where a € {f{x), /(j/)) is a regular value and the identification of moduli spaces 
associated to different regular values is provided by the fiow. 

Tiieorem 2.12. For a generic pair {f,g) all stable and unstable manifolds 
intersect transversally, so that A4(x,y) and M{x,y) are {^i{y) — fJ.{x))- and 
(m(?/) ~ m(^) ^ 1)- dimensional submanifolds without boundary of M. Such a 
pair (/, g) is called Morse-Smale. 

This theorem is due to Smale. In f3T1 he showed that either / or the vector 
field V can be approximated by / or ^ respectively to obtain transversality 
of all intersections. Equivalently one could also change the metric g - this is not 
true for Morse-Bott functions: cf. Latschev [53], where some counter-examples 
are presented. For a discussion how the change of g and Vg/ is related see Wall 

Hence, for /i(a;) = /i(y) — 1 the moduli space M{x, y) is 0-dimensional. Moreover, 
it is compact and therefore a finite set. For arbitrary x,y € Crit(/) all higher- 
diniensional moduli spaces are naturally compactifiable. The compactification 
of A4{x,y) is given by adding so-called "broken flow lines" to M{x,y): 
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Definition 2.13. For p Gjlf let 0{p) := UteR *J't(p) be the flow line through 
p. A sequence {uk)k&i C M. {x, y) converges to a broken flow line (iii, . . . , ii;) of 
order I iff there exist critical points xq = x,x\, . . . , xi-i, xi = y such that 

Vi e M{xi-i,Xi) Vi = 1, . . . , Z 
and 

0{uk) viU ■ ■ ■ Uvi as k ^ oo, 

where convergence with relation to the Riemannian distance d is meant. 

A subset K C A4{x,y) is called compact up to broken flow lines iff every 
sequence {uk)k C J^{x,y) possesses a subsequence converging in the above 
sence. 

Theorem 2.14. For x,y G Crit{f) and a Morse-Smale pair {f,g), A4{x,y) is 
compact up to broken flow lines of order at most /u(y) — /u(a;). 

Hence, for k = ^i{y) — fi{x) we have the following description for the topo- 
logical boundary of the connected components of the compactified moduli space 
Mix,y): 

dM{x,y)= [J M{x,zi) X M{zi,Z2) X ... X M{zk-l,y)■ 

zl,...,zk-leCIit{f) 

There is an opposite concept to convergence to broken flow lines called gluing: 
Given a flow line from a; to y and one from y to z the gluing map Op produces 
a flow line in the higher-dimensional moduli space A4{x, z): 

Theorem 2.15. Let {f,g) be Morse-Smale and x,y,z G Crit{f), with Morse 
indices n{x) = k = ii{y) — 1 = ii{z) — 2. There is po > and a map 

: M{x,y)x [po, oo) x M{y, z) M{x, z), {u, p, v) ^ u()pV, 
such that 

uOpV {u, v) for oo 

and no other sequence in A4{x,z) \ uO[pg^^^v converges to {u,v). 

The last statement in the theorem above is crucial: Together with the Com- 
pactness Theorem this shows that for index difference iJ.{y) — ii{x) = 2 the bro- 
ken flow lines of order 2 passing intermediate critical points Zi are precisely the 
boundary components of the (compactiflcation of the) one-dimensional manifold 

Mix,y). 

Definition 2.16 (The Morse(-Thom-Smale-Witten) complex). Let CM*{f,g) 
be the free Z2-module generated by Crit(/). Deflne a differential operator on a 
generator x G Crit(/) by 

dx:= ^ n{x,y)y, (2.2) 
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where 'n{x, y) is given by 

n{x,y) := |{m G M{x,y)}\ mod 2 
and extend it to general cochains in Z2(Crit(/)) by linearity. 
Theorem 2.17. ^ 0. 
Proof. By definition (Px is given by 

d'^x^ ^ n{y,z) ^ n{x,y)z. 
A'(z)=M(y) + l M(y)=M(a;) + i 

The last statement in the Gluing Theorem shows that this equals summing 
over the boundary components of the compactification of M{x, z): 

d^x = e M{x,y)}\ ■ \{v e M{y,z)}\ mod 2)z 

z V 

= E( E lmod2)z = 0, 

^ (u,v)edM(x,z) 

because every 1-dimensional manifold without boundary is diffeomorphic either 
to (0, 1) or and therefore the number of its boundary components is always 
zero modulo 2. □ 

Remark 2.18. If one is working with Z-coefficients, then every flow line u G 
Ai{x,y) is counted with a sign given by comparing the orientations of ii and 
Ai{x,y) (here the moduli spaces inherit induced orientations as transversal in- 
tersections of the oricntable and coorientable submanifolds W^''{x) and ^{y)). 
In this case — Q holds because the boundary components of M.{x,z) come 
with alternating signs. 

Finally we conclude that M* {f , g) , d) is a cochain complex. That the 
homology of this complex is an invariant of M can be seen either by relating 
it to another invariant of M, say singular cohomology (see Hutchings [H]), or 
by showing that it is independent of the involved data (/, ff)- The latter idea is 
worked out in detail in Weber using a "continuation map" , a cochain map 
between two Morse complexes associated to different input data which induces 
a canonical isomorphism on cohomology: 

Let (/o,5o) and (/i,5i) be two Morse-Smale pairs and let {fs,gs) be a ho- 
motopy between them. Use a help function ft, : [0, 1] — ^ M with critical set {0, 1} 
and /i(0) = 0, /i(l) = 1, to obtain a Morse function F{s,p) = fs{p) + h{s) on 



[0, 1] X M (cf. Remark [3^. Counting flow hues of Vieg^F from {0} x Crit(/o) 
to {1} X Crit(/i) produces a cochain map P{fs) ■ C*M*(/o,go) -> CM*{fi,gi) 
with the following properties: 
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1. A generic homotopy of homotopies between fs and another homotopy f!. 
induces a cochain homotopy 



2- If {fs,9's) is a homotopy from (/i,5i) to (/o,go), then o H{fs) is 



cochain homotopic to the identity. 

3. If {fs, gs) is the constant homotopy, then H{fa) is the identity on cochains. 

These properties imply, that CM*{fQ,gQ) and CM* {fi, gi) are canonicaUy 
isomorphic (cf. Hutchings .12]). 

2.2 Morse-Bott theory 

2.2.1 General Morse-Bott theory 

Morse-Bott theory is a generahzation of Morse theory to functions / where Df is 
allowed to vanish along submanifolds of M while the non-degeneracy condition 
still holds on their normal bundle. For the construction of the equivariant Morse 
complex we will need some Morse-Bott theory. Therefore we introduce it here 
quickly. For a detailed exposition we refer to Banyaga and Hurtubise |24j . 

Definition 2.19. A smooth function / : M — > M is called Morse-Bott, iff 
Crit(/) is a finite disjoint union of connected submanifolds of AI, such that 
on the normal bundle of every C C Crit(/) the Hessian matrix of / is non- 
degenerate. 

The non-degeneracy condition implies that the Morse index fi{x) for x G C 
is constant on a connected critical submanifold. So the Morse index /i(C) of a 
critical submanifold is well defined. 

As in Morse theory there is a nice description of / near critical submanifolds: 

Lemma 2.20 (Morse-Bott Lemma). Let f,C be as above and x G C: There 
exist local coordinates around x and a local splitting of the normal bundle of C 



such that, if we identify p G M with w^) in the local coordinate system, 

then f is given by 



As one might suspect, there are also generalizations of the other statements 
of the preceeding section, for example the "Morse-Bott inequalities" , and there 
is a Morse-Bott complex computing the cohomology of M, see Banyaga and 
Hurtubise [24]. We end this subsection with one last important generalization 
of an aspect of Morse theory which we need in the following: 



H ■.CM\f^,g^)^CM^-\f^,g,), 
dH + Hd = P{fs)-P{f'J. 



(2.3) 
(2.4) 



v(C) = v"ev^ 



f{p)^f{v°,v",vn^f{c)~\\v-r + \yr. 
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Definition 2.21. The (un-)stable manifolds of a critical submanifold C are 
defined as 

W\C) := y W'{x). 

xec 

Proposition 2.22. W^{C) and ^{C) are smooth submanifolds of M and 
their dimensions are given by 

diniW^"(C) = n-/i(C), 
dimW'iC) = fi{C) + dimC. 

Therefore, if B,C C Crit(/) and the intersection of the associated unstable 
and stable manifolds is transversal, then the connecting space of flow lines from 
B to C is defined as M{B,C) := W"{B) (\] WiC) and 

dim M{B, C) = ^i{C) - fi{B) + dim C. 

Like in the Morse case, flow lines in M.{B,C) are M-shift invariant and the 
quotient is called the moduli space of flow lines from B to C: 

M{B,C) ■.= M{B,C)/R. 
2.2.2 Flow lines with cascades 

Given a Morse-Bott function / on AI, there is a nice way of using the gradient 
flow line approach of Morse theory to compute H*{M). This idea of flow lines 
with cascades (in the following called FLWC) is due to Frauenfelder; for details, 
see [TO] , 

Let {h,go) be a Morse-Smale pair on Crit(/). For x G Crit(/i) a new Morse- 
like index of x is defined as 

X{x) := Hf{x) + y.h{x), 
the sum of the Morse indices of x with relation to h and /. 

Definition 2.23. Let x,y ^ Crit(/i). A flow line with m cascades from x io y 
is a tuple (w, T) with 

u^{ui,...,u„,), Te (M+)"-i. 
Here the Ui e C°°(M,M) are nonconstant solutions of 

Ui = ^gf(ui), 

satisfying 

lim ui (t) ~ p, lim u„j (t) = q 
for some p € W"{x, Vg„h) and q e W''^{y, Vg^/i). 
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Furthermore for i G {1, . . . , m — 1} there are ordinary Morse flow Hnes Vi € 
C°°(]R, Crit(/)) of Vgo/i, such that 

Hm Ui{t) = Vi{0), Hm Ui+i{t) = Vi{Ti). 

t— > — oo t—hoo 

Remark 2.24. 1. A flow line with zero cascades is just an ordinary Morse flow 

line on Crit(/). 

2. The flow lines on Crit(/) are aUowed to be constant, i.e. a cascade is 
allowed to converge to a critical point of h, but it will stay there only for a flnite 
time interval. 

Definition 2.25. The space of flow lines with m cascades from a; to y in Crit(/) 
is denoted by 

Mmix,y). 

The group R'" acts freely on A4m{x,y) by timeshift on each cascade. The 
quotient is the moduli space of flow lines with m cascades: 

Mm{x,y). 

The usual transversality arguments show that these spaces are smooth man- 
ifolds with 

dimMm{x,y) = X{y) - X{x) - 1 

= l^fiy) + IJ-h{y) - fJ-fix) - Hh{x) - 1 
= IJ-h{y) - l^h{x) + m - 1. 

Again, these moduli spaces admit natural compactiflcations and there is an 
associated gluing map, such that one is able to define a differential operator on 

CC* := CC*(/,/i,g,go) = Z2(Crit(/j)) (graded by A): 

Definition 2.26. For a generator x € Crit(/i) of CC* define 

d'^x := ^ dmx = ^ ^ nm{x, y)y, 

"1 ™ l^h{v)=f^hix)-m+l 

nm{x,y) ■■= \Mmix,y)\ mod 2, 
and extend it to general cochains by linearity. 

Using continuation maps between FLWC-complexes associated to different 
functions and metrics, one proves the following theorem: 

Theorem 2.27. The homology of the complex {CC* ,d'^) is naturally isomorphic 
to H*{M). 
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3 An equivariant Morse complex 



In this chapter we introduce the 5 ^-equivariant Morse complex (CMgijdgi). 
As mentioned in the introduction dgi counts flow lines "jumping" along orbits 
of the S'^-action. To model this jumping we use (higher) continuation maps of 
Morse homology. Wc set up the "moduli spaces of fc-jump flow lines" which are 
the main topic of the next chapter. 

3.1 Definition of the equivariant Morse complex 

The S'^-equivariant Morse cochain groups are defined as follows: 

Definition 3.1. Let CM* := CM*{f,g) = Z2(Crit(/)) denote the Morse 
cochains associated to {f,g), graded by their Morse index. Let H*{BG;'L2) = 
Hgi {pt; Z2) = Z2[T] be the ring of polynomials in one variable with deg(T) = 2. 
We view elements c0p(T) e CM* Z2[T] as polynomials with coefficients in 
CM* and grade it by the sum of the Morse index of c and twice the polynomial 
degree of p. 

j 

i=0 

The differential 

dsi : CM^i ^ CM*t^ 

is defined as 

dgi ■■=d®l + J2 ^2fe-i O T*^, (3.1) 

k 

where d is the usual Morse differential. The operators R2k-i count /c-jump flow 
lines of Vgf connecting critical points of index difference 2fc — 1 - in contrast to d 
they lower indices. Observe that the sum is finite, since for 2fc — 1 > n = dimM 
all R2k-i vanish, simply because there are no critical points with index greater 
than n or with negative indices. 

Of course this complex depends on input data like / and g, but for notational 

convenience wc omit this dependence and because the resulting complex will 
eventually turn out to be independent of these choices. 

The remainder of this chapter is devoted to give a precise definition of the 
operators i?2fc-i; mimicing the construction of the differential in ordinary Morse 
homology we now define fc-jump flow lines and the associated moduli spaces. 

3.2 /c-jump flow lines 

We proceed in the following way: We start with the construction of Mi{x,y), 
using a "continuation map" of Morse homology. Then we generalize these ideas 
to obtain Aij.(x, y) for k >2: To keep things simple, we carry out everything in 
full detail for k = 2, the corresponding statements and proofs in the case k > 2 
differ only by notational complexity since more dimensions are involved. 
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3.2.1 1-jump flow lines 

Definition 3.2. In the following we write 



a : X M ^ M, {s,p) s.p := a{s,p) 
for the action of on M and (jP, as for the maps 

si-^a{s,p), p^a{s,p). 

The defining properties for a 5^-action on M translate to 

CTe = idM and Gg^^si <^S2 ° <^si , 

i.e. s I— 7- (Ts G Diff(il/) is a smooth group homomorphism. 

Let x,y E Crit(/); for s E choose a homotopy /( : M x M — > M from / to 
f o as- The equation for a 1-jump flow line then looks like this: 

u(t) - V/t(«(t)), 

In Morse theory this equation is known as a continuation equation. To avoid 
the time-dependency one translates this back into an autonomous equation on 
M X M or M X S*^ (to stay in the nice case of a closed manifold, cf. Remark 



3.4 1. Since s G 5^ works as a parameter we have to deal with a family of Morse 




functions smoothly parametrized by , i.e a Morse-Bott function: 
Definition 3.3. For (/, 5) a Morse-Smale pair, let 

Fi : M X X [0, 1] ^ M, {p, s, r) ^ Fi{p, s, r) = 

be a 5^-family of homotopies between / and f{s. ■ ) ^ f o as, such that Fi is 
independent of r for r near and 1. 

Choose smooth /i : [0, 1] ^ M with h' > 0, ^.'"^(O) = {0,1}, h{0) = 
and h{l) > (max/ — min/) (e.g. h{r) — K{1 + sin (7r(r — i)) with K > 
(max/ - min/)), such that i^i : I^i := M x S*! x [0, 1] ^ K defined by 

Fi{p,s,r) := Fi{p,s,r) + h{r) 

has only critical points if r = 0, 1. 

Finally choose a product metric Gi := g ® 1 ® 1 on Wi. 

Remark 3.4. Actually we should extend Fi to be defined on ill x S'"'^ x 
to continue working with a closed manifold. For this we would view the last 
iS^-factor as the interval [—1, 1] with endpoints identified, extend -Fi and h 
symmetrically for r < and restrict all following constructions to the subspace 
with r > 0. Keeping this in mind we continue working on Wi = M x x [0, 1] 
for notational convenience and to emphasize the different roles of the S'-'^-factors 
involved - one is the jumping-parameter, while the other one parametrizes the 
homotopy. 
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Lemma 3.5. Fi is a Morse-Bott function with 

Crit{Fi)= y {A^UBy), 

x,ye Crit(f) 

where 

={x} xS^x {0}, 
By={{s-\y,s)\sGS'}x{l}, 

Proof. By construction critical points occur only at r = 0, 1, where Fi \mxS^ 
is given by 

{p, s) H->- /(p) and f{s.p) respectively. 

At r = 0: 

DpF^{p,s,Q)=Df{p), 
D,Fi{p,s,0) = 0. 

Therefore 

DFi{p,s,0) = for (p,s) e Crit(/) x S\ 

At r = 1: 

DpF^{p,s,l)=Dp{foa,)ip) 

= Df{asip)) ■ Da,{p), 
£)«Fi(p, s, !)=£),(/ oaf 

= Df{aP{s)) ■ Da^s). 

as is a diflFeomorphism, so Dag (p) ^ for all p e M and we conclude 

DFi{p,s,l) = for ip,s) e {{s-\x,s)\s e S\x e Crit(/)}. 

This also shows that the function {p,r) i-> Fi{p,s,r) is Morse for every 
s G S^. So Fi is a family of Morse functions, smoothly parametrized by 5*^ (cr is 
smooth) and therefore a Morse-Bott function. Note, that although the S'-'^-orbit 
of a; e Crit(/) might hit another critical point y € Crit(/), the corresponding 
critical submanifolds of Fi do not intersect in Wi: 

B^nBy^i!)=> {s-\x, s) = {s-\y, s) 
=^ s = s 
=^x = y. 

□ 

We want to study gradient flow lines of Fi. Since s G plays the role 
of a parameter, instead of the vector field VciFi we use a simpler, but still 
"gradient-like" vector field: 
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Definition 3.6. A gradient-like vector field with respect to a Morse-Bott func- 
tion / defined on a smooth n-dimensional manifold M is a smooth vector field 
V satisfying: 

£„(/) >OonAf\Crit(/) 

and around every point c G C C Crit(/) there exist local coordinates (p*) such 
that 

i>dimC j>fJ.{C) 

This means, there is essentially no difference in studying the global structure of 
flow lines of Vg/ and v. 

Lemma 3.7. Let Vi be the vector field on Wi defined by 

(p, s, r) ^ (VgFi {p, s,r),0,F[ {p, s, r)dr) , 

where ' denotes the derivative with respect to r. Then Vi is a gradient-like vector 
field for Fi . 

Proof. The Lie derivative of -Fi in direction Vi at (p, s,r) ^ Crit(i^i) is given by 

Cv, iF,)ip, s, r) = DFiip, s, r) ■ s, r) 
= DpFi {p, s, r)VgF^{p, s, r) + D^Fi {p, s, r) V,.i^i (p, s, r) 

^ g{VgFi{p,s,r),VgFi{p,s,r)) + {^F,{p,s,r)f > 0. 
Fix s e S^. At c e C C Crit(i^i) the restriction of Vi to M x [0, 1] is the 



gradient vector field of the Morse function (p, r) t-^ Fi{p, s, r). Thus, Lemma 2.3 



implies the existence of suitable coordinates ('7')ig{i,...,n+i} around prMx[o,i](c), 
such that 

k n+1 

Vi fMx[oa] (?) = -25^9*3,. + 2 q^dg, for k := ^l{c). (3.2) 

■i=l j = k+l 

Let J7 be a neighbourhood of c in Wi . Since Fi is smooth, C is a submanifold of 
Wi and fi{c) is constant along C, the coordinate system (<z*)ig{i_..._„+i} depends 
smoothly on s G S*^. Therefore, we can find coordinates 

Q ^ {Qi{P,s,r), . . .,Qn{p,s,r),s,Qn+i(p,s,r)) 

such that Vi is locally given by 

k n+1 

yi(Q) = -2^Q^9Q. +2 ^ Q^dQ,. 

i=l j = k+l 

□ 
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Definition 3.8. A 1-jump flow line between x and y is a solution of 

u:R^Wi, u(t) = Vi{u{t)); (3.3) 
G Ax, G By. 

Observe that tlie construction of Fi (especially the right "increasing be- 
haviour" of /i, i.e. h{l) > (max / — min/)) implies that there are precisely 
three types of flow lines possible: 

1. starting at A^, ending in Ay. 

2. starting at A^, ending in By. 

3. starting at B^ ending in By. 

Moreover, since Fi is independent of r near and 1, the subsets 

M X X {0}, M X X {1} c Wi 

are both flow invariant. Because of Fi{p, s, 0) ~ f{p), flow lines of the first type 
are just 5^-families of ordinary Morse flow lines solving equation (2.1 1. 

Lemma 3.9. The dimensions of the (un-)stahle manifolds of Vi are given by 

dim WiAx) ii{x) + 2, 

dunW'iAx) = n{x) + 1, 
dimT^"(B^) ^n-/i(a;) + l, 
dmiW'{Bx) = /i(a;) + 2. 

Proof. We have pi{Ax) — /i(a;), since Fi is increasing along the r-direction and 
independent of s G S*^ near r — {). At B^ we have h"{\) < 0, because h attains 
its maximum at r = 1, and therefore pL{Bx) — /i(a;) + l. The dimension formulae 
follow now from Proposition |2.22[ □ 

Definition 3.10. For x,y ^ Crit(/) we define 

Mt{x,y) -.^W^iAx^nW^Ay), 
Mf{x,y) ■.^W"{Bx)nW%By), 
Mi{x,y) ■.=W"{Ax)nW^By). 

Proposition 3.11. Given x,y£ Crit{f). Aif{x,y) andA4f{x,y) are equipped 
with a free -action given for 9 G by 

e.uA{t)^e.ip{t),s,o) ip{t),es,o), 
e.uB{t) = e.ipit), s, 1) {e-\pit),es, i). 

Moreover, all three spaces A4i{x,y),Aii{x,y),Aii{x,y) are equipped with a 
free R-action given by 

T.u{t) := u{t + r), 
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and the corresponding quotients of spaces of flow lines at r = and r = 1 are 
isomorphic: 

M?{x,y)/S'^Mt{x,y)/S\ 

Proof. For u G A4i{x,y) we have 6.u G A4i{x,y) because Vi does not depend 

on s E at r = 0. 

For u E Mf {x, y) wc compute: 

= D(j0-i{p) ■ i) 

= Due-.{p) ■ (Dasipf ■ Vg/KW)) 
= {DaM ■ Dae-.ipY)* ■ VJ(a,(p)) 
= (d<Js{p) ■ £>a,(ao-i(p)))* • VJ(a,(p)) 

= (Da,{ae{a0-.{p))) ■ Dae{ae-i{p)))* ■ Vgf{a,{p)) 
= (^D{a,oae){<7e-^ip))y ■ VJ{a,{p)) 
= {Daes{e-\p)y ■ Vgf{aes{e-\p)) 

= VgFi{e-\p,es,i). 

Here we have used the chain rule and the fact, that for a diffeomorphism 

(j):M 

the puUback ^* is given by the push- forward with c^"^: 

DcPip) : TpM ^ T^(p)M, 
DcPip)* : T^(p)M ^ TpM = Dcj>-\cP{p)). 

Clearly both actions are smooth (only smooth maps are involved) and free 
because they are free on the second factor. 

The second statement follows from the general fact that every solution 
u : M — ^ M of an autonomous dynamical system is M-shift invariant and this 
shift clearly induces a free M-action on the space of solutions. 

It remains to show the isomorphism between Mf{x,y)/S^ and A4i{x,y)/S^. 
For u = {p{t),s,0) G Mfix,y)/S'^ set v := {s.p{t),s, 1), then 

j^{s.p{t))=DaMt))-m 

= D<7,(p(t))-Vg(/oa,)(p(t)) 

= DaMt)) ■ (Z)a,(p(i))*V,/(a,(p(t))) 

= Vgf{s.p{t)). 
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Moreover, {s.p) = s.p — s.{s ^.x) — x and s.p+ = s.s ^.y, so v is in 
Mt{x,y). The same calculation for u := s ^.v shows that this mapping is 
invertible and therefore an isomorphism. □ 

Definition 3.12. For x,y E Crit(/) we define 

Mi{x,y) := Mi{x,y)/R ^ Mi{x, y) n Ff ^(a), 
Mo{x, y) Mt{x, y)IS^/R = Mfix, y)/S' D F^\a), 

where a is any regular value between ^1(^3;) and Fi{By) or Fi{Ay) respectively. 
The index in Mo{x, y) emphasizes that this space is just M{x, y), the moduli 
space of (non-jumping) flow lines used to construct the differential in ordinary 
Morse cohomology. 



3.2.2 2-jump flow lines 

Let A = denote the standard 2-simplex as subset of R"^ with vertices (0, 0), 
(0, 1) and (1, 1) and let f — (r\^ri) denote a point of A. Similarly we write s 
for a point (si, S2) in the 2-torus T"^ = x 5^. 

This time we use a T^-family of homotopies, now parametrized by A: 

Definition 3.13 (The vector field Vi). Choose F2 : := M x x A ^ M 

satisfying 



7(P) if|k1l<| 



4 ' 



f2(p,5,rl= <(/(si.p) if|<||rl< 
/(S2.si.p) if|<||rl< 



Define ft.2 : A — >■ E by h^irx, r^) h{ri)+h{r2) with h from Section 3.2.1 /12 
is smooth, strictly increasing with ||r||, D/i2(0,0) = D/i2(0, 1) — D/i2(l, 1) = 
and fJ,{i,j) = i+j- Furthermore /12 satisfies the following: At dA the gradient of 
/i2 (with respect to the Euclidean metric) is always pointing along the boundary 
of A. We set 



F2 '■— F2 + /12 

and 

V2 := (VgF2,0,0,V,-i^^2). 

Recall that we work with the simplex A knowing that instead we could use 
the closed manifold to make everything precise without changing anything 
important. This is justified by the arguments in Remark |3.4| and the tangent 
property of Vr/12 mentioned in the previous definition - here we would extend 
/i2 to (viewed as the unit square with opposing edges identified) by reflection 
on the diagonal x ^ y and restrict attention to the subspace x < y. 
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Figure 1: V/i on A-^ 



Lemma 3.14. F2 is Morse-Bott and, for 6*2 = 5 ® 1^ a product metric on W2, 
V2 is gradient-like for F2. Moreover, 

Crit{F2)= y {A^\JBy\JC,), 

x,y,z^ Crit{f) 

where 

A, :-{a;}xr2x{(0,0)}, 
By := {{s^\y, si) G Af x S^} x x {(0, 1)}, 
{is^\s^\z,si,S2) eMx T^} x {(1,1)}. 

The corresponding dimensions of the ( un- ) stable manifolds are given by 

dimW{A,r) = n - fi{x) + 4, 

diniW^''(A^) = ^i{x) + 2, 
dimWiB^) ==n-^(x)+3, 

dimW'iB,)= ^iix)+3, 
dimT^"(C:r) = n-^(x) + 2, 

dimM^"(C^) = fi{x) + A. 

Proof. This time F2 is a smooth family of Morse functions on M x A. Using 
the same arguments as in Lemma |3.5| we see that F2 is Morse-Bott and V2 
gradient-Hke. The structure of the critical submanifolds Ax,B^ are derived in 
the same way, because 

F2{p,Si,S2,0,0) = f{p), 
F2{p,Si,S2,0,l) = /(si.p). 
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To calculate DF2{p, si, S2, 1, 1) observe that 

-F2(P, Sl,S2,l,l) = f{s2-si.p) 

= (/°crs2Si)(p)- 

Therefore, we can use the arguments of Lemma |3.5| again to conclude 

C:, ^ {{s^\s^\x,s,,S2)} X {(1,1)}. 

The dimensions of the (un-)stable manifolds are derived from Proposition 
[T22I together with 

dim W2 = n + 4, dim = dim = dim C^; = 2, 

and the fact that /12 : A — ^ M "adds" 0, 1, 2 to the Morse index of Ax,Bx, Cx at 
the corresponding vertices (0, 0), (0, 1), (1, 1). □ 

Definition 3.15. A 2-jump flow line from a; to y is a solution of 

u:R^W2, u{t) = V2{u{t)); (3.4) 

G Ax; U'^ E Cy. 

Since we have choosen h2 strictly increasing with ||?^| and scaled accordingly 
(cf. the condition K > (max / — min /) in Definition |3.3[ ) we can ensure that 
only flow lines of the three following types occur: 

The flow lines of V2 live either in the subsets of W2 containing the vertices 
of A, travel from Ax to By, from By to Cz (along the boundary of A) or from 
Ax to Cz- They correspond to 0-,l- and 2-jump flow lines respectively. 

Definition 3.16. Regarding F2 we set: 

M^{x,y) ■.= W^{Ax)nW'{Ay), 

Mi{x,y) -.^W'^iBxjnW^By), 

M^ix,y) ■.^W^{Cx)nW'{Cy), 
M^''{x,y) :=W"{Ax)nW%By), 
Mi^{x,y) ■.^W''{Bx)nW^Cy), 

M2{x,y) ■.^W"{Ax)nW'{Cy). 

Observe that again on every space there is a M-action by translation. In 
addition we have the following 

Proposition 3.17. The spaces A4f{x,y),A42 {x,y) andA42{x,y) are equipped 
with a free -action. For t — (ti, T2) G the actions are given by 

UA{t) = (p(i),si,S2,0,0) (p(t),riSi,T2S2,0,0), (1) 
UB{t) ^ (p(t),si,S2,0, 1) ^ (rf ^p(t),TiSi,T2S2,0, 1), (2) 

Uc(t) = (p(t),Sl,S2,l,l) l-^ {T^^.T2^.p{t),TlSl,T2S2,l,l)- (3) 
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The quotients are isomorphic to each other. Moreover acts freely on {x, y) 
and Mf'~''{x, y) by 

e.UABit) := (p(t),si,0S2,O,r2(t)), (4) 

e.uBcit) ■■= {e-\pit),esi,s2,ri{t),i), (5) 

and the quotients of both spaces are isomorphic to Aii{x,y). 

Proof. Obviously all actions are smooth (only smooth maps are involved) and 
free (on the T^-factor). 

The cases ^ and Q follow directly from the fact that F2 is independent of 
s at r = (0,0) and independent of S2 at r e {0} x [0, 1]. 

For ([2]) and ([s]) a straightforward generalization of the proof of Proposition 
13.111 shows that 

J^ (^r ' -PB (0) - Vg (/ o a,, J (rf 1 .pB (t)) , 

f^{iTlT2)-\pcit)) ^Vg{foar,r,s^s.,){iTlT2)-\pc{t)). 

The reason for this is that Fi and F2 have basically the same structure around 
the vertices of [0, 1] and A. 

The same argumentation works in the case ([s]): 

j^{ae-i{pit))) =Dag-,ipit))-pit) 

= D<Jg-l{p{t)) ■VgF2{p{t),Sl,S2,ri{t),l) 

^Dae{e-\p{t)y ■WgF2{p{t),s^,S2,r^{t),l) 

^ Dag{0-\p{t)y ■\/gF2{<Jg{9-\p{t)),Si,S2,ri{t),l) 
= Wg{F2 O <jg) {e-\p(t), Si,S2, r^it), 1) 

^S/gF2i9-\p{t),esuS2,ri{t),l). 

Similiar to Proposition |3 . 1 1] we define the isomorphism between the moduli 
spaces 

M^{x,y)/T^ ^M^{x,y)/T', 
Mi{x,y)/T' ^M^{x,y)/T^ 

by 

{p{t),Si,S2,l,l) ((siS2)~^_p(t),Si,S2,0,0), 
{p{t),Si,S2,0,l) ^ (sJ-^p(t),Si,S2,0,0). 

The isomorphism between A^f-^(a;, y)/^^ and M.2^ [x^y) / is given by 

(p{t),Si,S2,ri{t), 1) ^ {s2^.p{t), S1S2, S2, 0, ri{t)). 
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Note, that this isomorphism is also a consequence of our construction, letting 
the subsets M x x {0} x [0, 1], MxT'^x [0, 1] x {1} C W2 be flow-invariant. 

Finally, observe that M.2{x,y)/T'^ = Mo{x,y), simply because both spaces 
consist of flow lines of Vg/. 

Furthermore, A42^{x, y)/S^ ^ Mi{x,y) via 



{p{t),si,S2,0,r2{t)) ^ {p{t),si,r2{t)). 



□ 



We conclude that the solutions of u = V2{u) are either flow lines of equa- 



tions (2.1) or (3.3), or 2-jump flow lines (3.4) travelling in W2 from a critical 



submanifold at (0,0) S A to a critical submanifold at (1, 1) G A. 

Definition 3.18. For x,y ^ Crit(/) the moduli space of 2-jump flow lines is 
defined as: 

M2{x, y) W^{A,) D W'{Cy)/R ^ M2{x,y) D F^\a), 



where a is any regular value between (^2(^3;), F2(Cz)) 

3.2.3 A:- jump flow lines for fc > 2 

To obtain A4k{x,y), proceed as above: 

Let A'^ be the simplex obtained from A*^^^ 



C 



C M'^ by adding the 
point (1, . . . , 1) G M.'' and connecting every vertex of A*^^^ with it. Choose a 
T'=-family of "homotopies" Fk : M x T'' x A'' with 



Fk{p,s,r) 



fip) if M < S , 

/(si.p) HI- 5 <\\f\\ <l + 6 , 

f{s2.si.p) if V2-(5< ||r1| < x/2 + (5, 

/(sfc. • • • si.p) if \/fc - e < ||r|| , 



for some small J > 0. 
Add hu : A*^ ^ 



hk{ri, ■ ■ ■ ,rk) ■■= Y!l=ih{Ti)- Again, hk is strictly 
increasing with ||f^| , such that the gradient vector field V/ifc (w.r.t. the Euclidean 
metric) is tangent to the boundary dAJ^ and the critical points of are the 
vertices P G M'^ of A*^, satisfying ^(P) = Y!1=i P^■ 



Regarding the extension of h^. to the fc-cube (cf. Remark 3.4) we refer to 
Haiman 126] : There is a subdivision of the fc-cube into fc-simplices, such that 
every vertex of a simplex is a vertex of the cube and the intersection of two 
simplices is a face of both of them - a very interesting problem is to find the 
minimum number of simplices one needs to do so. But for our purposes the 
sheer existence is enough to justify our definitions. 
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This produces a Morse-Bott function Fk : M x T*^ x ^ M, with k- 
dimensional critical submanifolds A^^, A].^ . . . , for x G Crit(/). Set 

Vk {p, s, r) := (V^Ffe (p, s, f) , 0, . . . , 0, VpFk (p, s, r)) 

and define the moduli space of k -jump flow lines from a: to y as 

Mk{x,y) := W^iA'i) D W%A';)/R. 

Generahzing the above statements and proofs in the obvious manner we see 
that: 



1. The dimensions of the (un-)stable manifolds are given by 

dimVK"(A^) ^n^ fj.{x) + 2k^i, 
dimWiAl) = n{x) + k + i, i = 0,...,k. 

The crucial point here is that in a (5- neighbourhood of the vertices of A'^, where 
the critical submanifolds A'' are situated, Fk \mxT'' is always of the form 

(p, s) F{si. ■ ■ ■ si.p). 

2. Due to the construction, there are no flow lines possible from A^ to A^ 
for i > j. 

3. The solutions of 

u{t)^Vk{u{t)) (3.5) 

are elements of (the corresponding quotients of the connecting spaces) Mo{x, y), 
Mi{x,y), ... OT Mk{x,y) ioi some x,y G Cnt{f). This is because for i < fc, i + 
l < k, the same argumentation as for fc = 2 shows that Aif ^ {x, y)/T^ defined 
by Fk is isomorphic to Aii{x,y) defined by Fi. Note that the corresponding 
subsets of Wk containing ^-jump fiow lines are flow-invariant. 



3.3 The operators R2k-i 

So far we have set up the moduli spaces of fc-jump flow lines consisting of 
(equivalence classes of) solutions of (3.5 1. 

Due to the construction of Vk every u G Mk{x,y) starts at a critical sub- 
manifold A° = {x} X (5^)*^' X A*^ C Wk and flows to a critical submanifold 
Ay C Wk, with its projection to M being the S^-orbit of y. In the next chapter 
we will see that given x and y in Crit(/) with ^{x) — ^{y) = 2k — 1 there are 
only finitely many such u in Mk(x,y) and therefore we are able to make the 
following 

Definition 3.19 (The operators i?2fc-i). For a generator x G Crit(/) of CM* 
we set 

R2k-ix := ^ nk{x,y)y, (3.6) 

where n]^{x,y) \Mk{x,y)\ mod 2, and extend it to general cochains by lin- 
earity. 



26 



4 The moduh spaces Aik{x,y) 

In this chapter we take a closer look at the moduli spaces defined in Section [3]2j 
We state and proof according transversality, compactness and gluing theorems 



which justify the definition of i?2fc-i given in Section 3.3 and are needed for 
showing — 0. The proofs of compactness and gluing, using the theory of 
dynamical systems, follow closely Weber [T3], where these theorems are proven 
for a Morse-Smale pair (/, g). Throughout this chapter we omit the subscripts 
k in F,V, . . except for the moduli spaces A4k{x, y). Moreover, in all following 
constructions for M.k{x,y), ii I < k, we view A4i{x,y) as a subset of Wk- 



4.1 Transversality 

In this section we show, that by altering the vector field V it is possible to 
achieve transversality of the intersections of all unstable and stable manifolds of 
the critical submanifolds of F. We will change the vector field V only on small 
open sets containing no critical submanifolds, so that the global structure of the 
flow is not harmed. In other words, the new vector field will still be gradient-like. 

In the following we have to keep track of the vector fields to which we 
assign the (un-)stable manifolds. Therefore (C, v) will denote the (un-)stable 
manifold of the critical submanifold C associated to the vector field v. 

Theorem 4.1 (Transversality). There is a gradient-like vector field V' (in the 
following sections again denotet by V ) for F, differing from V only on small 
open sets outside critical submanifolds, such that all unstable and stable mani- 
folds intersect transversally. 

Following the ideas of Nicolaescu ^7] in the proof of a similiar statement we 
need two lemmata: 

Lemma 4.2. Given a smooth function / : M — >■ M and v a gradient-like vector 
field for f , let [a, 6] consist only of regular values of f and for any interval I of 
regular values set Mj :— f^^{I). 

If h : Mil — > Ml, is a diffeomorphism isotopic to the identity, then there exists 
a gradient-like vector field w which equals v outside M(ci,b) = f^^i{o.ib)) such 
that: 

Here (jj^ ^ : Ma — )■ M}, is the [t = l)-flow of the normalized vector field 
(v) := ■ v. If there are no critical values in [a, b] this is a diffeomorphism 
with inverse 0^ ^ given by the backward-fiow. 

Proof. Without loss of generality assume a = 0, 6 = 1 and that the isotopy ht 
is independent of t near and 1 . 
Define a diffeomorphism 

^ : [0, 1] X Ml ^ M[04], it,p) ^ (bl^. 
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ip ^ is given by 



Regarding the isotopy ht there is another diffeomorphism 



H : [0, 1] X Ml ^ [0, 1] X Ml, {t,p) ^ {t, ht{p)). 



Now let w be the pushforward of {v) hy ip o ht o -ijj 



^. Rescale it, 



w := 




□ 



Lemma 4.3. Let X, Y be submanifolds of M and assume that X has a tubu- 
lar neighbourhood. Then there exists a diffeomorphism h : M ^ M smoothly 
isotopic to the identity such that h{X) (\] Y . 

Proof. The proof is from Milnor [5S]. 

Let TO be the dimension of the normal bundle of X in AI and let 

k : X xR"" ^ U d M, 
k \xx{o}^ idx 

be a tubular neighbourhood of X. Set Yq :— U CiY and g := pr2 o \yo, 
where pr2 is the projection onto E™. 

For X G M™, k{X x {x}) docs not intersect Y transversally iff there is ^ G Yq 
with X = g{^) and Dg{^) has not maximal rank. Since fc is a diffeomorphism 
and rank(pr2) is constant, this means ^ € Crit((7). Therefore, Sard's theorem 
(cf. Milnor and Stasheff [Hj) implies that for x outside a set of measure zero the 
intersection will be transversal. 

We construct the isotopy ht as follows: 

Choose X e M™ \ g(Cnt{g)) and a smooth vector field v on M™, satisfying: 



Clearly, ht is a diffeomorphism for all t G [0,1], depending smoothly on i, 
satisfying ho — id and hi{X) (\] Y. 




The flow (pt of V is defined for all t M., (f>o = id and 4>i maps to x. 
Finally we define ht : M ^ Ad by 




k{q,My)) 'iip^k(q,y) eU, 
p \ip ^U. 



□ 
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Now we are able to prove the Transversality Theorem: 

Proof. In the last chapter we have seen that 

Crit(F) = Crit(Ffe) = A° U U • • • U yl'^ 

with := UxeCrit(/) '^^'^ Yvaies. from A' to only occur Hi < j. More 
precisely, we have constructed F such that, for x,y S Crit(/), the inequality 
F{Al.) < F{A^y) implies i < j oi i = j and iJ.{x) < nijj). 
Next, observe that in general 

where W''{A)c := H^*(A) n F~^{c) for c a regular value. 

Since we have assumed that (/, g) is Morsc-Smalc, we have 

W-{{x, s, 6)€AIV)= W^{x, V,/) X T'^ X {(0, . . . , 0)} 
^ W {y, V,/) X X { (0, . . . , 0)} = ((y, 0) € A° , , 
^ W^"(A0,y)fllW^^(4,y) Vx,2/eCrit(/). 

Now start with y £ Crito(/), the minimum of F, choose a regular value 

ce( F{Al),F{Al)) 

and e > so small that (c — 2e, c) contains no critical values. 

Set a := c-2e, b := c - e. Then Xb := \J^eCrit{f)W''iAl,V)b and 
F)b are smooth T'^-families of spheres embedded in Wb- 

Therefore, they are smooth submanifolds (with boundary) of Wj, admitting 
tubular neighbourhoods and we can use Lemma 4.4 to obtain h : Wb — > Wb iso- 
topic to the identity, making the intersection of and ^{Ay, V)b transversal. 

Lemma 4.3 asserts the existence of a gradient-like vector field V, equal to 
V outside H^(a,6)) with 

We have 

W'iAl, r)a - W^iAl, V)a Vx e Crit(/), 
W^{Al,V')b = W^{Al,V)b, 
and therefore for all x e Crit(/): 

W^{Al,V')b = cPl'a{W''{AlV')a) 

= ho^l,{W-iAlV')a) 
= ho^l,{W^iAl,V)a) 

= h{W"{AlV)b) 
(\\W%Al,V)b = W%Al,V')b- 
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Repeating these steps, first for all y G Crit(/) with Xb uniting all unstable 
manifolds 

U W'^{Al,V)t, and \J W^iAl,V)b, 

xeCrit(/) n{z)<niy) 

then continuing successively with , . . . , A'', in every step choosing the values 
a, b such that V has not been altered on W(a,b) previously. After a finite number 
of steps (Crit(/) is finite, Crit(F) is a finite union of submanifolds ofW), we have 
achieved transversality of all intersections of unstable and stable manifolds. □ 

Transversality of the intersection of V) and W^{A^y, V) implies the 

following dimension formulae: 

Corollary 4.4. M{Al.,A^) and A4{Al.,A^y) are smooth finite- dimensional sub- 
manifolds of W with 

dim M{Ai, AD = dim {W^{Al,V) (\\ W^A^, V)) 

= Kv) - K^') + k + j - i, 
dimM{Ai.,Ai) = fi{y) - ii{x) + A: + j - i - 1. 

In particular, ^ 

dim Alfe(a;, y) = ii{y) - ijl{x) + 2fc - 1. 
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4.2 Compactness 

We continue to examine the properties of the moduh spaces by showing that 
Mk{x,y) can be compactified using so-called "broken flow lines" . . . 
These broken flow lines are defined as in Definition |2.13[ except that now they 
are allowed to consist of elements of different moduli spaces A4i{x',y') with 
<l <k. 

Definition 4.5. A broken flow line of type (m; F) is a m-tuple 
such that 

Ui e Mr,{xi,Xi+i), 
Xi e Crit(/) (i = 1, . . . ,m), 

reN™:r, e{o,i,...,fc}. 

A subset K C Aikix, y) is called compact up to broken flow lines of type [rri] F), 
if for every sequence (wj)jgN C K there exists a broken flow line (ui, . . . ,Um) 
of type (to; T) with 

0{Wj) > {Ui,..., U,n) for j ^ CX3. 

Here convergence is meant with relation to the Riemannian distance d on Wk 
(again secretly identifying Wk = M x T'^ x A'^ with the closed manifold M x 
T*-' X T'^ as discussed in Section 3.2). This imphes uf = u~^i, i.e. a broken 

flow line which is limit of a sequence in Aik{x, y) does not "jump" along critical 
submanifolds, although it will in general consist of jumping parts (cf. Fig. [2]). 

Recall that Mo{x, y) is naturally isomorphic to the moduli space M{x, y) of 
ordinary flow lines associated to {f,g), which we assumed to be a Morse-Smale 
pair. Therefore, Theorem |2 . 14| already tells us how to comgactify these spaces. 

In the following we restrict attention to the case dimMk{x,y) = 0, 1, be- 
cause higher-dimensional moduli spaces are irrelevant for our purposes. 

Tlieorem 4.6. The moduli spaces of k-jump flow lines Aik{x,y) are compact 
up to broken flow lines of type (to;F), where 

TO = 1,F = fc, that is A4kix,y) is already compact, or 
TO = 2, F e {ii,j)\i+j = k and i,j € {0, 1, . . . 

Proof. We adapt the proof from Weber [13] to our situation: For a regular value 
ce (F(A2),n4)) set 

Mk{x,y) ■.= W^Al)nw%A';)nF-\c) 

and let (wj)jgN be a sequence in J^k{x, y). 

Then there is a subsequence converging to some element w of the compact 
set F~^{c). We denote the subsequence again by (wj), as we will always do in 
the following when choosing a subsequence. 
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Figure 2: Broken flow lines for fc = 1 

Clearly, 0{w) G Mi{z,z') for some z,z' G Crit(/) and I G {0,1,..., fc}, 
because V is gradient-like. Let $( denote the flow of V; this map is continuous 
and therefore 

0{w) = y C Mk{x,y) 

teR 

is a subset of the closure of A4k(x, y). Using continuity again we conclude 



a :— lim ^t{w) and e :— lim ^t{w) £ Aik{x,y) 

are also elements of the closure of A^fc(x,?/). 

Claim: If z' ^ y, then there is a flow line in Aiii{z',y) for some I' <E 
{0, 1, . . . , k}. In other words: 

z' ^ y =^ 3u e ly (e) n 7Wfc(a;, y) and v ^ z'. 

Proof: (by contradiction) At e we have a splitting of the tangent space (cf. 
Lemma [2^20| 



TeW = E° QE'^QE". 

The Hartman-Grobman theorem for non-hyperbolic critical points (see Kirch- 
graber and Palmer [29 ) asserts that there exists a homeomorphism h : U C 
W ^ N C TeW with h{e) = 0, such that 



h{^t{p))=At{h{p)), 
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where At is the flow of the hnearization DV{e) of V on T^W. The restriction of 
At to E" E" is the hnear map At of Remark |2.8| and h identifies a neighbour- 
hood of e in W^{e) with a neighbourhood of zero in where At acts strictly 
expanding or contracting respectively. 

Assume that Wj,w G U (otherwise let them flow with sufficiently long 
and choose a subsequence) and identify in the following Wj and w with their 
images under h. 

Now suppose the above statement is not true. Since the flows <l>t and At are 
conjugate we are able to transfer the problem to T^W . This means, that for 
every e > there exists 5 > 0, such that S C E'", a sphere of radius e, admits a 
^-neighbourhood B CT^W with B r\ Mk{x,y) ^ 

Choose S,B d N and assume \\w\\ < | (otherwise use again the flow and 
choose a subsequence). Now At is linear on i?" (B E^, so we can write it in the 
following form 

for q = {q'',q') G E"" (B E'' (1 N and A^QAf = At. Since A^ is a strict dilatation 
for t > and is its only fixed point, there exists to > with HAJ'w"!! > e. On 
the other hand Af is a strict contraction for t > 0. Therefore, for j large enough, 
such that ||wj|| < S, we have ||y4.fw||| < S for positive t. But this implies that 
the flow line 0{wj) through Wj hits B, contradicting our assumption. 

Moreover, this shows that locally near critical points in critical subman- 
ifolds the flow lines through Wj converge uniformly to the broken flow line 
{0{w),0{v)). Outside neighbourhoods of critical submanifolds the flow lines 
through Wj converge to 0{w) on compact time intervals J C K, because the 
map 

W xW X J ^R, 
{p,p\t)^d{^t{p).^t{p')) 

is smooth and therefore Lipschitz continuous since W xW x J \s compact. This 
means 

d[^t{p).Mp'))<C-d{p,p'), 

for ah (p,p', t) €W xW X J and a constant C = C(W, V, J) > 0, implying the 
asserted convergence. 

To show convergence to 0{v) replace the regular value c with c' — F(v) and 
Wj with Wj — 0{wj) n F~^{c') and argue as above. 

Now repeat everything with respect to the backward flow <i>„t and a = 
0{w)^, the starting point of 0{w), to see that if z x, then there is v' € 
W{a) n Mk{x,y), v' ^ z and we have uniform convergence of 0{wj) to 
{0{v'),0{w)) on compact time intervals. 

Finally, after a finite number of steps (Crit(/) is finite, Crit(i^) is a finite 
collection of submanifolds of W), we end up with a broken flow line of type 
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(m, r), starting at A'^ and ending in Ay in its most general form 

{u'i,...,ul^^,V,,ul...,ul,V,,ul,...,u"^^-\v.r^,,U^\...,u"ZJ. (4.1) 

Here the u's are 0-jump flow lines, the Vi are elements of Mi.(zi-, z'^,) with 
z = 1, . . . , nib (1 < TOfc, li < k), and 

m = nil, + niQ — nih + Hq + . . . + 71^^ . 
Here < fc, simply because A*"' has only fc + 1 vertices and V is gradient-like. 

To finish the proof we must show that only those types mentioned in the 
theorem can occur. During the next paragraph let mo = 0, i.e. m = rrib - in the 
following ordinary flow lines are irrelevant. 

That there are broken flow lines of type (m, F) with m > 2 is due to our 
construction using the simplices A'^ and situating the critical submanifolds at 
their vertices - for A: > 2 we get a little bit more than we need: 

In A^ two edges correspond to 1-jump flow lines and one to 2-jump flow 
lines; here a 2-jump flow line can break up into two 1-jump flow lines and 
this is exactly how we want it to be. But in A^ we have one redundant edge 
(corresponding to 1-jump flow lines from f{si.p) to f{s2.si.p)) which makes a 
broken flow line of the type (3; (1, 1, 1)) possible (cf. Fig. [3]). Likewise for fc = 4 
we encounter broken flow lines of type (4; (1, 1, 1, 1)), (3; (1, 1, 2)), (3; (1, 2, 1)) 
and (3; (2, 1, 1)) and so on for fc > 4. 




Figure 3: A broken flow line of type (3; 1, 1, 1) 



Fortunately, these broken flow lines do not appear as boundary points of the 
relevant moduli spaces. To show this we need some combinat orics o f simplices: 

Recall the construction of the simplex A*^ in Subsection 
vertices of A*^ be numbered in the following way: Start with 
and let i be the vertex which is added to A*~^ to obtain A*. 



3.2.3 



(0, 



and let the 

. . . , 0) e E'= 
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Now given a broken flow line of type (m, F) from to Ay we identify it 
with a sequence of m+ 1 natural numbers starting with 0, ending with k. Every 
number in this sequence corresponds to the vertex at the critical submanifold 
the broken flow line passes. Therefore the sequence is strictly increasing. For 
m G {1, . . . , fc} let (io=0, ii, ... im=k) denote this sequence. 



Then F, 



and we have 



^ Fj = ii - io + «2 - ii + • • • + ir; 

i=i 

= ii + i2 - ii + is - 12 + ■ ■ ■ 
= k. 



More generally, for m = nib + '■ 



^m— 1 



im—l ^m— 2 ^ im—1 



(4.2) 



Now we are able to prove the final claim: Observe that Corollary |4 . 4| implies 
Mi{z, 2') 7^ <^ > n{z) + 1-21. (4.3) 



The structure of the broken fiow line (4.1) and the inequality (4.3 1 imply 



/x(z;J + ni = m(z/J, fi{zi^) < fi{z'ij + 2I2 - 1; 
< - 1 and 

Combining these equations, 

^i{x) + no < + 2/1 - 1 = /i(2(J + 2/1 - 1 - ni 



Thus, 



< y.{z'i^^ ) + 2^1 - 1 + . . . + 2/„i^ - 1 - ni - ... - 
= H{y) + 2I1-I + ... 2l„i^ - 1 - ni - ... - n„i^ . 



mi, mi, 

IJl{x) < n{y) +2^k - mb - ^Tii 

1=1 i=0 



Now if dim A^fc(a;, y) = 0, that is /i(y) = /i(x) + l — 2fc, then the last inequality 
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reads 



mt mi, 

< 1 - 2fc + 2 ^ - mb - ^ n, 

i=l i=0 
. . rrit, 

^ < 1 - 2fc + 2fc - - ^ n, 

i=0 

mi, 

1 > rnfe + ^ Ui. 

4=0 

If rrib = 0, then no is either or 1. But no = means there is no flow 
hne at all and no = 1 leads to a contradiction, because we have shown that if 
0{w) G Mo{x,z'), i.e. z' ^ y, then mt must be greater zero. Therefore we 
conclude that = 1, ng = ni = 0, hence Mk{x, y) is already compact. 

For dimA4k{x,y) — 1 we have 



fiiy) ^^Ji{x) + 2 -2k, 

mi, 

ni 

i=0 



<2 - mh - ^1 



Again, m?, = makes no sense. If rrib = 1, then either no ~ "-i^ or 
no = 0,ni = 1 and vice versa. In the first case 0(w) G M.k{x,y) and Aik{x,y) 



is already compact. Moreover, (4.2) shows that the latter case and mb = 2 
(no — ni = 7i2 = 0) are precisely the m = 2 broken flow lines stated in the 
theorem. This completes the proof. 

□ 
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4.3 Gluing 



We now come to the complementary concept of convergence to broken flow 
lines: The gluing map. Given x,y G Crit(/) with ^{y) — ^{x) = 2 — 2k and a 
broken flow line of type (2, F) from x to y, the gluing map produces a flow line 
in the one-dimensional moduli space A4kix,y)- Observe that the broken flow 
lines used to compactify M.k{x,y) are "connected", that is uf = u~j^-^. The 
gluing map will be defined only for such special broken flow lines - this reduces 
the gluing to more or less the Morse case and allows us to prove the following 
theorem with the methods from Weber [T3], i.e. local constructions around the 
"connecting point" of two flow lines: 

Theorem 4.7. Given critical points x,y, Zj € C'rit{f) with ii{y) — ij,{x) — 2 — 2k 
and lJ,{zj) — + 1 — 2j and j <E J = {0, 1, ... , k}, there exists a real number 
Po > and for every j Cz J an embedding 

0^ : K X [po,oo) Mkix,y), 
{u, V, p) H> u(}^pV. 

Here K C M^j(x,Zj) x A4i{zj,y) is the subset of connected flow lines and 
l:=k-j. 

The map 0"' satisfies 

wOpW — as p — oo, 

and no other sequence in A^fe(a::, y) \ (uO'jp^ oo)^) converges to {u,v). 

Proof. Fix j, and for u E Aij{x,Zj),v e A4i{zj,y) let a :— 0{v)^ = 0(u)+ 
denote the starting point of v in A^^ . Here A^^ is the critical submanifold as- 
sociated to Zj, containing a and lying in AI x x at the j-th vertex. We 
will work locally around a, so let a = G and A C Ai^. be a small neigh- 

bourhood of a. Furthermore, since A^^. is a submanifold of W we can assume 
without loss of generality that A = {p E = . . . = Pn+2k = 0}. The 

proof has three steps: 

1. Local model 

We can locally "straighten out" the stable and unstable manifolds of A: 

Let = TaW^{A); the Morse-Bott Lemma implies that we can describe a 
small tubular neighbourhood of yl by coordinates with p° g A, 

p'' G B'^ C E^, small neighbourhoods of zero in E'^. Moreover, locally the 
stable and unstable manifolds of A are graphs - this is a consequence of the 
"Stable Manifold Theorem" (cf. Cresson and Wiggins [30] )• This means, there 
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arc smooth maps rji : A x ^ {i* = u if i = s and vice versa) with 
r]iip°,0) = 0, Dr]i{p°,0) = and 

w-{A) n iv = {(/,p")|p^ = vu{p",pn)h 
w^iA) n TV = = Vs{p',f))}- 

The graphs of rji are called local (un-) stable manifolds W^^^^A). 
Define 

rj-.N^N, 

v{Po,Pu,Ps) {Po:Pu - r]s{pa,Ps),Ps - Vu{Po,Pu))- 

The map 77 satisfies ry(0) = and Dri{0) = id, hence it is a diffeomorphism on 
some neighbourhood of zero, "flattening out" the local (un-)stable manifolds. 

Now define a flow *t := r^o^^o?;-!. It satisfies *f (0) = 0, D^>t{0) = £'<I>t(0) 
and a small neighbourhood of zero in W^{A, |"t=o) is a small neighbourhood 
of zero in E'^. This is our locally flat model. 




Figure 4: Flattenend out (un-)stable manifolds 
2. Unique intersection point 

Fix closed baUs C W^^^{A) c E'' around zero and set U := A x B'^ x 

B^ . For u € Aij{x,Zj) assume that u E B'' (if not let it flow into B'' with 
Choose a {iJ.{zj) + n + k- j)-disk £)/'(^.)+"+fc-J c WiA^) transversally 
intersecting A x B^ at u. For t>Q denote by Dt the connected component of 
n U containing i>t(?i). 
For V G Aii{zj,y) do the same with a (/i(zj)+j)-disk in ^{Ay) with respect 
to the backward flow to obtain D-t, the connected component of <i?_t(£'''(^^)+i)n 
U containing (i > 0). 
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Then there exists to > 0, such that for all t > to there is a unique intersection 
point 

pt := A n D_t n {0} X X B'. 



B'x{0} 




Figure 5: Unique intersection point 

To prove that pt is a unique point we want to express both disks as graphs of 
smooth maps at : Ax — >■ and 6t : A x i?* — >■ B", for then the intersection 
of both disks in x B** equals the fixed point set of the map Ct : -B" — >■ -B", 
q !->■ 6t(0, at(0, g)). So if Ct is a strict contraction, we are done. To express both 
disks as graphs we use the A-Lemma (see Cresson and Wiggins [30]), which in 
our case can be stated in the following way: 

Since intersects A x B^ transversally, there exists for every 

e > a, to > 0, such that Dt is e-close to A x i?" for all t > Iq. A similar 
statement holds for D^f This is equivalent to the existence of diffeomorphisms 

af.AxB'^^ Dt, p - ^ (a°(p), a^p), at{p)), 

Pt-.AxB^^ D^t. p' = {p'°,p'n ^ {P^ip'),l3np'),f3t{p% 
satisfying for all p £ A x £?" and p' £ A x B'^ 

||(p,0) - ia'i{p),anp),at{p))\\ < e, ||K0) - (DaUp), DaUp), Datip))]] < e, 
\\ip',0) - (/3?(p'),/3|(p'),/3rb'))ll < \mO) iD(3np'),D(3t{p'),D(3np'))\\ < e 

Hence for e small, the maps p i— )• (a^ (p), a]^{p)) and p' (/3"(p'), f3f{p')) are 
invertible and the graph maps are given by 

at at o (a?, a^)"', h ° A^)"'- 
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Now ct is a strict contraction, because 



\Dct{q)\\ = \\D{bt o (0 X id) o a, o (0 X id))iq)\\ 
^\\Dbt{0,at{0,q))-Dat{0,q)\\ 

= o (/30,/3n-')(0, at(0, g)) • D(a? o {ala^)-'){0, q)\\ 

= ||i?/3r((/3?,/3|)"'(0,at(g))) •i^(/3°,/?|)-i(0,at(g)) 

■Dat{iala^)-'iO,q))-Dialar)-HO,q)\\ 

<\\D/3n{P^,/3ty'{0,a,{q)))\\-\\D{/3^,(3t)-^Q,a,{q))^ 

■\\Dat{{ala-)-\0,q))\\-\\D{alarr\0,q)\\ 
< ■ ||i?(/3?,/3,^)"i(0,at(q))|| • \\D{a°,a^)-\0,q)\\ (e-closeness) 



holds for all e < ^ . The last inequality is due to a corollary of the properties of 
a Neumann series: 

\\id-T\\ < 1 =^ T is invertible and ||T"^|| < where q = \\id-T\\. 

The Banach Fixed Point Theorem asserts that q possesses a unique fixed 
point pt with \\pt\\ < \/2e for all t > tQ. 

3. The gluing map 

Set po := to and 

uOpW ■■=Pp Vp G [po,oo). 

Clearly pp € Aik{x,y) for all p > pQ. It remains to show that 0"' is an 
embedding and the convergence property asserted in the theorem. 

The vector field V is transverse to Dt and D^t (otherwise choose 13^(^3 
and smaller in the previous steps). This implies ^ 7^ 0, because Dt 

and D_t travel in different (time-)direction, hence are displaced from themselves 
by the flow. In other words, the map 1 1-^ pt is an immersion onto Mi^{x,y). 

Moreover, because of the different travelling directions, ^ and V{pt) cannot 
be linearly dependent (cf. Fig. [5| - so varies with t along Mkix,y) and 
dim A^fc(x, y) = 1 ensures that there is no possibility of self-intersections or 
self-returns preventing t pt from being a homeomorphism onto its image. 
Therefore 

O-' : Mj{x,Zj) X [pa,oo) x Mi{zj,y) Mk{x,y), 
(u, u, p) uOpW 

is an embedding. 



1 
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To prove the convergence statement choose a sequence 



ei — >0, ei>0 VZ e N. 

The A-Lemma produces a sequence (io.i);, such that Dt is e^-close to ^ x 
for t > to^i and the same holds for D_t and Ax B^. 

For any sequence of sufficiently large real numbers ti — > oo choose a subse- 
quence (to,i,)i of {to^i)i, such that U > to,ii- Then 

A, is e;^-closc to A X B", 
ll^fJI < V2ei., converging to zero as i — > oo. 
=^ Ibtll — > &st — > 00, 

and similiar for -D_t. Using the same arguments as in the proof of the Com- 
pactness Theorem we conclude that 

u(}^pV — > {u, v) as p — !• oo 

and no other sequence converges to {u,v) since the intersection point pt was 
shown to be unique. 

Finally, repeat this construction to obtain O-' for all j G J and set 

po := max(po(i)). 

□ 

The essence of the last two sections is the following corollary: 

Corollary 4.8. For dim A4k{x,y) = 1 the connected components of the com- 
pactified moduli spaces are diffeomorphic either to or [0, 1] and in the second 
case every boundary component corresponds to precisely one broken orbit {u, v) 
of type (2, F) with F = {i, j) {i+j = k). 

Proof. Assume A4kix,y) is connected; since it is a one-dimensional manifold 
without boundary it must be diffeomorphic to or (0, 1). By the Compactness 
Theorem it is compactifiable using broken flow lines and the last statement in the 
Gluing Theorem shows that there is exactly one broken flow line corresponding 
to a boundary point of [0, 1]. □ 
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5 5* -Equivariant Morse Cohomology 

So far we have completed and justified the definition of the equivariant Morse 
chain groups and the differential dgi associated to a Morse-Smale pair (/, g) on 
a closed manifold M . In this chapter we show c?^i — and that the homology 
of this complex equals the equivariant cohomology of M . 



5.1 The S^-equivariant Morse complex 



Theorem 5.1. Recall the definition of dgi in ( |3.1[ ). For a general equivariant 
Morse chain a{T) — Oi ■ T* with ai G CM* we have 

dlia{T) = 0. 

Proof. It suffices to show this for a generator x G Crit(/) of CM* - the general 
case then follows from linearity and T-independence of ^51. 

dsi (dsix) ^dsi {dx + ^ R-zk-ix ■ T^) 

k 

=d{dx) + J2 d{R2k-ix) ■T'^ + Yl R2i-i{dx) ■ T' 

k I 

+ ^i?2i-i(5I^2fc-ia;-T'=) -r' 

; k 

=0 + J2 d{R2k-ix) ■T''+J2 R2i-i{dx) ■ T' 

k I 

+ ^i?2.-i(i?2,-ix)-r+^ 

= J2 {diR2k-ix) + R2k-i{dx)) ■ T'' 
fe 

+ Y,R2^-l{R2J^lX)■T'+'. 



This expression vanishes iff for all k: 

{doR2k-i){x) + {R2k-iod){x)+ {R2^-loR2J-^){x) = Q. 

i+j=k 



Insert definitions (3.6) and (2.2 1 of R2k-i and d: 
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d{R2k~ix) = nk{x, z)z) 

Z 

= ^^nk{x,z)no{z,y)y 

y z 

= G Mk{x,z) X A^o(^,y)}| mod 2)?/, 

y z 

R2k-i{dx) = i?2fe-i(^ no(a;, -z')^') 

z' 

= ^ -^0(2^'^') X A^fc(^',y)}| mod 2)y, 

y z' 

-R2»-l(^2j-ia:) = -R2i-l(y^»j(a;,Zj)2:j-) 

= ^) ^ J X niod 2)2/, 

y zj 

with — ^(x) — 2fc + 1, /i(z') = fi{x) + 1, /i(zj) = ^(x) — 2j + 1 and 
= ^{x) - 2fc + 2. 

Fix y; by Corollary |4.8| every summand corresponds to a boundary com- 
ponent of the compactification of the one-dimensional moduli space M.k{x,y). 
Hence, 

{doR2k^l){x) + {R2k^lod){x)+ {R2^^lOR2j-l){x) = 

i+j = k 

J2{ E 1 = 

vanishes, because boundary components (i.e. broken flow lines) always come in 
pairs and therefore their sum is zero modulo 2. 

□ 

Remark 5.2. For iS^-equivariant Morse cohomology with Z-coefhcients one 
would need an orientation of the moduli spaces. Then, mimicing the definition 
of the differential in ordinary Morse homology, 

ni{x,y) := ^ e{u) 
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where e{u) — ±1 wether or not u is positively oriented with relation to the orien- 
tation on Aik{x, y). Then, two broken flow lines corresponding to two boundary 
components of a connected component of (a:, y) come with alternating signs, 
such that their sum vanishes. 

The problem here is to assign an orientation to the moduli spaces: In the 
ordinary Morse case the (un-)stable manifolds are contractible and therefore 
orientable (inducing an orientation of the corresponding moduli spaces), whereas 
in the equivariant case they are fc-tori-families of open discs which possibly 
includes non-orientable objects such as the Moebius strip or the Klein bottle. 

5.2 H,{CM*„dsi) 

Since = we can take homology of the complex {CMgi,dsi)- 

Definition 5.3. The -equivariant Morse eohomology groups (with Z2-coefflcients) 
are defined as 

HM^^ :=ker(dsi \cm")/ Mds^ tcMvO- 
Theorem 5.4. HM*,{M) = H*,{M). 

Proof. Since homology commutes with direct limits (see Spanier |31) ) we under- 
stand the right hand side of this equation as direct limit of the directed system 
{H* {X"^) , Pij) , where is the total space of the fiber bundle 

(5-2™+! X M)/S^ 

I- 

CP", 

and the maps pij : H*{X^) H*{X^) are induced by the projections 5*^^+^ — )■ 
^2j+i^ On the other hand, Mgi — Un^X"^ is the direct limit of the directed 
system (X*, Lij), where Lij : X^ — > X^ are the inclusions induced by S*^ C 5"^ C 
... C S'~. Therefore, 

H*si{M) = H*ilu^X"') = lii^i7*(X™). 

Let C[T] denote the equivariant Morse cochains. We need to show that the 
restricted complex 

m 

(C[T]/(r"+i),d-i-^i?2fc_i.r'=) 

k=l 

computes the eohomology of X™. We will do this in the case m = 1, but first 
we introduce the idea in general; 
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Let (pm be the standard Morse function on CP™, 

<Pm ■■ CP'" ^ M, 

m 

[zq: ■■■■■ ] ^ ^fc||Zfe|p. 

(j)m has critical points 2;*^ = [1 : : . . .], ... , 0™ = [0 : . . . : 1] with Morse indices 
/i(z') = 2?;. Therefore the Morse differential vanishes in all degrees and every 
moduli space M{z^, 2*+^) is isomorphic to - this is a consequence of the cell 
structure of CP": 

CP" = e° U U . . . U e^". 
lifts to a Morse-Bott function := o tt^ on X"^ with critical set 

m m 

Crit($„) = IJ TT-\z') := IJ Mi, ii{Mi) = 2*. 

We use FLWC to obtain Choose a Morse-Smale pair {f,g) on M 

and a connection on the principal bundle 

Pra 
CP". 

and let A^^ denote the induced connection on the associated bundle tt^ : X'^ — >■ 
CP". Now identiiy Tr^{z^) with M and use parallel transport along the unique 
horizontal lift with respect to of a flow line u from z^ to z^ in CP" to identify 
the two fibers over z^ and z^ . Continue with a flow line from z^ to z"^ and so on 
until all critical fibers Mi are identified with M . This defines a Morse-function 
on Crit($TO) = UmM, which is just / on every fiber. 

We need two important properties of the bundles Pm'- 

1. Using (the lift of) another flow line u' from z^ to 2;* the difference between 
the corresponding parallel transports of p G M is given by the S'-'^-action on M: 
If g( e M is the parallel transport V^'^ip) of p along u, then V^rip) = s.q for 
some s £ S^. Observe that the same holds in the associated bundle tt™, because 
Am induces parallel transport in every associated bundle by 

2. Since ioi I < m — i all moduli spaces M{z^, 2;*+') are isomorphic and flow 
lines of are lifts of flow lines of (pm, the following holds: If there is a flow 
line of <I>m from Mi to Mi+i, then there is also one from Mj to Mj+i for all 
i,j S {0, . . . , to}, i + / and j + I < m. In other words, when considering flow 
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lines with I cascades from Mi to Mi+; , it suffices to study those from Mq to M; . 



Now let X e Crit(/) and recall the grading of Section 2.2.2 



X{x) = + ^if{x) — /i(a;) + 2i if x G 



which we are able to express in this special case with an independent variable 
T of degree 2, such that the complex (CC*, <P) takes the following form: 



where nk{x,y) is the algebraic count of flow lines with k cascades from x G Mq 
to ye Mfc. 

A flow line with A; cascades on translates in this special case into a 
flow line u of Vgf on M, such that there is T :— {ti, . . . ,t2k) G IR^*^ with 
— oo =: <o < ^1 < ■ • • < ^2fc < t2k+i ■= oo and for even i: 

u{t) — Vg/(M(i)) for t e and u{ti) = Si.u{ti^i) with si e . (5.1) 

Here the Si play the role of the cascades due to the first property of pm 
mentioned above. 

This is the "non-smooth" picture, where a fc-jump flow line consists of fc + 1 
solutions of u = Vg/(u) matched together by 5'^-orbits of their starting and 
ending points. In other words, there is a Morse- like complex computing iJ* (X™) 
which is generated by the critical points of / (with a different grading) and a 
differential counting piecewise smooth curves consisting of flow lines of V^/ and 
orbits of the S'^-action on M . 

It remains to show that this is equivalent to the "smooth" picture we have 
used in the construction of the S'^-equivariant Morse complex in Chapters 3 and 
4, i.e. using homotopies between / and / o cTg. N.B. Since the homology of the 
complex associated to FLWC is independent of the chosen Morse-Smale pair 
(/,(?), the same will be true for the equivariant Morse complex. 

From now on let m = 1 (like in Chapter 4 we omit the subscript 1 in F, V): 

First we show property 1 of pi , the Hopf-bundle (with the standard connec- 
tion), by direct computation: Let 



CC* := CM* ® Z2[T] = CM^i, 
d"(x-r) ■.= Y,dkX-T\ 



k 




fi(y)=tj.{x) + l-2k 



(zi,Z2) l-> 



be the Hopf map and let 



Zl = exp(i^i)sin77, za = exp(i^2) cos {^i e [0,27r), 77 e (0, -]). 



46 



The fibers over the north- and southpole N, S of S'^ are given by 

h-\<x) = (exp(ia),0), h-HO) = (0,exp(ze2)). 

Flow hnes from 5 to (i.e. great circles in S^) are given by Uj{t) — exp{ij)-t 
with 7 £ [0, 27r). Their (horizontal) lifts = {zi{t), Z2{t)) satisfy: 



77 ~ tan ^ t and ^1 

Thus, 



7 + 6 if 6 > 6, 

7 + C2-27r ifCi<6- 



[/^(t) = (exp (1^1(^2)) sin(tan ^ t), exp(z^2) cos(tan ^t)), 

with t/^(0) = (0,exp(i^2)) and J7^(oo) = (exp (iCi(C2)),0) for aU 7 e [0,27r). 
Comparing [/q with Uj we conclude that 

C/^(0) = C/o(0), 
?7-y(oo) = exp(i7) • J7o(oo). 

The assertion now follows, because parallel transport is 5 ^-equi variant and bi- 
jective (with its inverse given by parallel transport along the same curve with 
reversed time). 



To complete the proof of Theorem |5.4| we need two more steps: First we show 
that for "small" homotopies (this is made precise down below), both pictures 
are equivalent, i.e. there is a one-to-one correspondence between solutions of 
the smooth and non-smooth systems. Then we show that the smooth picture is 
independent of the chosen homotopy. Combining these steps proves the theorem. 

1. The bijection 

A flow line u with a non-trivial jump in the above sense is a solution of 

u~ = x, u+ ^y, x,y e Crit(/), 
3tQeR,seS^: lim u{t) ^ s. lim u{t). 

t >tQ^t<Cto t >tQ.t^tQ 

We can act with s^^ on the second part of u to obtain an alternative de- 
scription {to = 0) of this system: 

U \(-oo,Q} = Vg/(u |~(-oo,0)), 

" t(o,oo) = Vg(/o CTs)(u f(o,oo)), (5.2) 
u~ — X, = s^^.y, x,y £ Crit(/). 

On the other hand, in our smooth picture u (more precisely, the projection 
onto M oi u -.R W with u — V{u)) solves: 

u{t)^VgF{u{t),s,t), ^^^^ 
u~ = X, = s^^-Vi a;,y e Crit(/). 
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Let Fp{p,s,t) = (f)p{t)f{p) + (1 — (l)p{t))f{s.p) be a one-parameter family of 
homotopies from / to / o , where 0p : M — > M is a smooth function satisfying 



1 if i < -p , 
if i > p . 



and let Vp be the associated vector field VgFp. For a given p > 0, 

^p{t) = Vp{up{t),s,t), 
Up =2:, = s^^y, x,y e Crit(/), 



is just equation (5.3) for F = Fp, whereas for p = 0, 

uo{t) = Vo(uo(i),s,i), 
Uq = x, = s^^-y, x,y e Crit(/), 



(5.4) 



(5.5) 



a. Let uq be a solution of ( |5.5[ ) : Since the vector field Vq is discontinuous at 
t = we "smoothen it out" by considering an equivalent version of the above 
ODE: Set Wp{p,s,t) := a{t) ■ Vp{p,s,b{t)) with b e C°°(M,M), 6^(0) = for 
all /c G N and 

'l-exp(j5^) if|i|<e, 
else , 



corresponds to the non-smooth picture of equation (5.2). 



b{t) ^ ait) 



for some small e > 0. We need to reparametrize solutions Up as well: 

Vp{t) ■.= up{b{t)). 

Then for all p e M+: 

Vp{t)=b{t)Up{b{t)) 

= b{t)Vp{up{b{t)),s,b{t)) 
= a{t)Vp{vp{t),s,b{t)) 
= Wp{vp{t),s,t). 

By construction, Wp is smooth in all variables. From continuous parameter- 
dependence of smooth ODEs it follows, that for p in a neighbourhood of there 
exists a unique solution of Vp{t) = Wp[vp{t), s,t). C° closeness of Vp to vo im- 
plies that for p small enough Vp = Vq and w+ = Vq , since critical points are 
isolated. Transforming back with b^^ (defining b^^{0) :— 0, because at 0, where 
b = 0, b fails to be a diffeomorphism) we have established one direction of the 
one-to-one correspondence between solutions of (|5.4|) and (5.5). 
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b. For the other direction choose < p < min^. j,gcrit(/),sesi s.y) 
(exists since Crit(/) and are compact sets) and let Up be a solution of (5.4). 
This ensures limt_j.±oo Wp' (i) = linit_>.±oo Up(t) for all < p' < p. This is the 
reason why we called Fp a "small" homotpy. 

Define uq on (— C!O,0) and (0, oo) by 

uo{t) — lim Up{t). 

Clearly 

Uoit) f(0,oo)= Vg(/o(Ts)(uo(t) f(o,oo) )• 

Continuity of Uq at t = follows from 

d{upi-p),Up{p)) <L{up \[-p^p]) 



< 



\up{t)\\dt 

\Mt)-^9fM))\ 



[l-Mt)) ■^9{f°'^s){up{t))\\dt 

\\{l-Mt))-^a{f°'^s){up{t))\\dt 



< Ki ■ p + K2 ■ p as p —?' 0. 
Here the last line follows from smoothness of / and (j) and compactness of 



M. Therefore, uq is a continuous piecewise smooth solution of (5.2 1 



Putting all together we have established a bijection between the set of so- 



lutions of (5.2) and (5.3 1. Thus, both associated complexes (consisting of the 



same groups) have the same differential operator if we choose the homotopy 
accordingly. It follows that for this special homotopy 

H{C[T]/{T^),d + Ri ■T)'^H*{X^). 



2. Independence of the chosen homotopy 



Let F" and F^ be two S'^-families of homotopies between / and f o as- 
We construct a cochain map K between the two associated equivariant Morse 
complexes C" :— (CAfgi,dgi) and := (CM^i,d^i) which induces an iso- 
morphism on homology. 

Without loss of generality assume that F°' and F^^ satisfy the conditions of 
Definition 13.31 and let 



: [0,1] X ^ M, H{t,-) = 



F" for r = 0, 
F^ for r = 1, 
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be a homotopy between them, independent of r near and 1. 
Set 

K -.C^ ^ C^, 

x + y-T^{P + Q- T){x + y ■ T) ^ Px + {Py + Qx) ■ T. 
if is a cochain map, if 

Pd = dP and Qd + PR^ = dQ + R^P. 

Therefore, we have to define P : Critfc(/) Cr\ik{f) and Q : Critfc(/) — )■ 
Cfe-2(/), such that both equations are fulfilled. 

Use a smooth function h : [0, 1] — M, t ^ /i(t) to obtain a Morse-Bott 
function : [0, 1] x — > M (cf. Subsection 3.2.1) with critical set 

Crit(iJ) = {0} X Crit(i^") U {1} x Crit(F'^). 

Recall the notation for the critical submanifolds in Subsection 3.2.1 and let 

AZ {0} X A, {0} x By, 

Af:-{l}x^, i?^:={l}xS, 

denote the critical submanifolds of H. Define a vector field on [0, 1] x VF by 



and observe that the flow lines of living in the two copies of at r = and 
T = 1 are precisely those flow lines used to define the operators d, i?" and i?^, 
respectively. 

The (un-)stable manifolds associated to have the following dimensions 



(cf. Lemma 3.9 ) 



dimT^"(A;^) = n-^(a;) + 3, dim = ^(x) + 1, 

dimW^"(B^) ^n- pL{y) + 2, dimW'{B^) ^ n{y) + 2. 

dimVF"(Af) ^n-fi{x) + 2, diinW'{A^) ^fi{x) + 2, 
dimW"(B^) = ji-^(y) + l, dimW^B^) ^ ^i{y) + 3. 

Define the connecting spaces of flow lines from A" to A(^ and from to B^ 

by 

Mfix^y) ■.= W-iA'Z)nW^AP), 
Mf{x,y) ■.= W'^{B:)f^W^{B|), 
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and observe that 



^(0,p,s,0)=#(l,p,s,0) = /(p), 
Therefore, there are free M- and S'^-actions on both spaces and an isomorphism 



between them (cf. Proposition 3.11). Repeating the steps in Section 4.1 we 

if 



conclude that the associated moduh space Ai'f{x,y) is a smooth manifold of 



dimension ^{y) — fJ.{x). 

Now define P on a generator x £ Crit(/) by 

a;h-> \M'f(x,y)\mod2-y. 

fj.(y)=p,{x) 

If ^l{y) = n{x) + 1, then Mf(x,y) is a one-dimensional manifold. From the 
compactness and gluing arguments of Chapter 4 it follows, that it is compacti- 
fiable using broken flow lines {u, v) of order two (higher order broken flow lines 
are not possible - cf. the last part in the proof of the Compactness Theorem). 
Here u £ Mq(x,z) and v £ M'f{z,y) with ^(z) = fj,{x) + 1, or u e M'f{x,z) 
and V € A^o (z, y) with ^{z) = Since the subsets [0, 1] x M x 5'^ x {0} and 

[0, 1] X M X S*^ X {1} of [0, 1] X T4^ are both flow- invariant, there are no other 
flow lines to which a sequence in Aif (x, y) might converge. As in the proof of 
(Pgi —Q this implies 

Pd + dP = Q <=> Pd = dP. 

On the other hand, the moduh space Mq^{x, y) := W{A%) ffl W^'*(B,^)/M of 
flow lines from A'^ to B!^ is a manifold of dimension ^{y) — + 2. Therefore, 
we define Q by 

x^ ^ \MQ^{x,y)\u\oA2-y. 

In the same way as above we conclude, that for — /i(a;) — 1 the com- 
pactification of AiQ^{x,y) is given by adding broken flow lines {u,v) of order 
two. Here we encounter four possible cases, depending on at which critical sub- 
manifold of [0,1] X W "breaking up" occurs, i.e. at (r, r) = (0, 0), (1, 0), (0, 1) 
or (1,1): 

{u, v) e M^x, z) X Mf{z, y), ^(z) = ti{x) - 1, (r, r) = (0, 1), 
{u, v) e Mf{x, z) X (z, y), ^(z) = ^l{x), (r, r) = (1, 0), 
{u, v) e X^(a;, z) X M"q\z, y), ^(z) = fi{x) + 1, (r, r) = (0, 0), 
(«, v) e M^^ix, z) X X^(z, y), ii{z) = ii{x) - 2, (r, r) - (1, 1). 

From gluing arguments it follows, that these are the only possible cases. 
Thus, 

Pi?i + rIp + Qd + dQ = 0. 
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This shows that K is a cochain map. 



Note that if H is the constant homotopy, then obviously P is the identity 

Q 



map. Moreover, in this case A^q^(x,?/) consists of flow lines (a, 6) 



[0, l]xW with 



dh 



a = — o a 
ar 



Corollary 



K = P + IJ 



a = 0, = 1, 
b^Vob, b- eA,:, b+ e By. 

al3. 



4.4 implies that M.q{x, y) — 0, i.e. Q is the zero map and therefore 
T is the identity map on cochains. 




Figure 6: Flow lines u on [0, 1] x 

Now let F"" , , F'^ , be four 5^-families of homotopies between / and 
f o as and let 

for (,y,r) = (0,0), 
for (i.,r) = (l,0), 
for(z.,r) = (0,l), 
for(z.,r) = (l,l), 

be a homotopy of homotopies, independent of v and r near (0, 0), (1, 0), (0, 1) and 
(1,1). Let K'-^ denote the cochain map between C" and S {a, /3, 7, i5}), 

induced by the homotopy between F^ and F^ given by the corresponding re- 
striction of "H to a face of [0, 1]^. We construct a cochain homotopy K, between 



H : [0,1] X [0,1] xW -^R, ■H(j^,r,-) 
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K^^K"^ and K'^^K"'^ , i.e a cochain map of degree —1: 

/C : C" C\ 
IC—V + Q-T, 

satisfying 

which is equivalent to 

Pd -|- dp = pPS pafi _ p-yS paj 

and 

VRi + RiV + Qd + dQ = pl^^Q"^ + Ql^^P^^ - p-r^Qo^i _ g7<5p"7 

Repeating the steps in the construction of the map K, we obtain a Morse- 
Bott function V. : [0,lf x W ^ R with critical set 

{(0, 0)} X Crit(F") U {(1, 0)} X Crit(F^) U {0, 1} x Crit(F^) U {(1, 1)} x Crit(i^''). 
The stable and unstable manifolds of the vector field 



have the following dimensions {i = {^,7}): 

dim = n - iJ.{x) + 4, dimW'{A^) = n{x) + 1, 
dim = n - ^l{y) + 3, dim = ^i{y) + 2. 

dim = n- + 3, AunW'{M,) = + 2, 
diml^"(B;) = n - ii{y) + 2, dim W\Bl) = n{y) + 3. 

dimW''{Ai)^n- ^i{x) + 2, dim iy"(Af ) = + 3, 
dimW"(B^) =n-Ai(2;) + l, dim iy"(B^) = ^(y) + 4. 

Let A^p'^(3;, y) denote the space of flow lines from A'^ to Ay (or equivalently 
with A replaced by B). As above we conclude that this space is endowed with 
free K- and S'^-actions and the quotient A4^^{x,y) is a manifold of dimension 
fi{y) — /Lt(x) + 1. Therefore, we define P : Critj(;(/) — ^ Critfc_i(/) by 

x^ \M^\x,y)\mod2-y. 
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For = lJ-{x) the moduli space A4'^^{x,y) is onc-dimensional. Its com- 
pactification is given by adding broken flow lines (u, v) of the following types; 

G Mq{x,z) X M^\z,y), fi{z) = ^i{x) + 1, 
{u, v) e M^^{x, z) X MI{z, y), ^(z) = ix{x) - 1, 

e Mp^{x,z) X Mp\z,y), ^{z) = ^(x), 
{u,v) G 7Up'^(x,z) X 7W^'^(z,y), =At(x). 



This shows 



Regarding flow lines from to B^, the corresponding moduli space M'q{x, y) 
has dimension — ii{x) + 3. We define Q : Critfc(/) ^ Critfe_3(/) by 

J2 \M%\x,y)\mod2-y. 

A»(!/)=M(a;)-3 

If = iJ,{x) — 2, then AlQ''(a;, y) is a one- dimensional manifold, compactifiable 
with broken flow lines {u, v) of order two. There are the following types of broken 
flow lines, depending on which of the vertices of [0, 1]^ they pass: 



u 


v] 


eM'^{x,z)xM^\z,y), M^) = 


= l^{x) - 


1, 


u 


v] 




z) X Mi{z,y), n{z) = 


= l^{x) - 


1, 


u 


v] 


G M%\x, 


z) X Mi{z,y), fi{z) = 


= M(a^) - 


3, 


u 


v] 


eM^{x,z)xMl'{z,y), ii{z)-- 


= ^l{x) + 


1, 


u 


v] 


€M%^{x 


z)xM^J{z,y), /iW 




-2, 


u 


v] 


G M'^Q^x 


z) X Mf{z,y), fi{z) 




-2, 


u 


v] 


eMfix 


z)xM^Q\z,y), 






u 


v] 


G WPix 


z) X M^Q{z,y), n{z) 


= Kx)- 





Hence, 

VR^ + RfV + Qd + dQ = P^^Q""^ + Q^^P"'^ - p^^Q"'-i _ Q75p«7^ 

and therefore /C is a cochain homotopy. 

In the special case F" = F'^ ^ = F^ , it follows that for two homotopies 
H \[o,i]x{o}xw and a \[o,i]x{i}xw from to F^^ the induced cochain maps 
Kq^ and K"^ between C" and are cochain homotopic: 
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Finally, setting 7 = a and 6 = a, we conclude that p0°'P°'0 is cochain 
homotopic to the identity: 



Therefore, all three properties of the continuation principle mentioned in 
Chapter 2 are satisfied. Thus, H^iC) ^ H^{C^). This finishes the proof. □ 
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6 Summary 



So far we have shown that the S'^-equivariant Morse cohomology equals the (or- 
dinary) equivariant cohomology for smooth closed 5 ^-manifolds M of dimension 
less than 3. It remains to show the case m > 1 in the last theorem of Chapter 
5. For this one hast to dig a little deeper into the structure of the bundles 
7r„i to generalize and prove the parallel transport property mentioned in the 
proof of Theorem 5.4. Then one needs to show the equivalence of the "smooth" 
and "non-smooth" pictures of /c-jump flow lines and independence of the chosen 
homotopy. But this seems to be just a rather technical issue, as well as the 
question of extending the whole construction to a broader class of S^-spaces 
(i.e. dropping the assumption that M is closed). 

More interesting is the question of orientability, i.e. S'^-equivariant Morse 
cohomology with Z-coefficients. As mentioned in Remark 5.2 the moduli spaces 
of fc-jump flow lines lack a natural concept of orientation - if there is no fruit- 
ful geometrical idea, maybe one needs to resolve this by using a Floer-type 
functional analytic approach (cf. Salamon [T3] or Schwarz [T5]). 

Another question is the following: Is there a similiar way to define HMq{M) 
for other Lie groups G. This is not clear at all, because is the only connected 
Lie group with its subgroups being either itself or discrete. As a conse- 
quence the orbits of a G-action will in general have very different structures 
(e.g. dimensions). Moreover, our construction relies heavily on the struture of 
BS^ = CP°°. G = T" = (S"^)" is a special case which deserves some attention, 
but there is definitely a lot of work to do to generalize the ideas presented in 
this thesis. 

As mentioned in the introduction, a related interesting object is S*^ -equivariant 
Floer cohomology and, in the same way classical Morse theory served as a toy 
model for Floer theory, one might expect the same for equivariant Morse theory. 
For this thesis we have also studied the Floer-type approach to Morse homology: 
Transversality and compactness are not hard to show using Fredholm theory on 
Banach bundles, but it gets tricky with the gluing map and the orientation 
concept - this is a interesting topic for further studies in this direction. 
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